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We theoretically investigate the momentum-resolved radio-frequency spectroscopy of a harmonically trapped
atomic Fermi gas near a Feshbach resonance in the presence of equal Rashba and Dresselhaus spin-orbit
coupling. The system is qualitatively modeled as an ideal gas mixture of atoms and molecules, in which the
properties of molecules, such as the wave function, binding energy, and effective mass, are determined from the
two-particle solution of two interacting atoms. We calculate separately the radio-frequency response from atoms
and molecules at finite temperatures by using the standard Fermi golden rule and take into account the effect
of harmonic traps within local density approximation. The total radio-frequency spectroscopy is discussed as
functions of temperature and spin-orbit coupling strength. Our results give a qualitative picture of radio-frequency
spectroscopy of a resonantly interacting spin-orbit-coupled Fermi gas and can be directly tested in atomic Fermi

gases of “'K atoms at Shanxi University and °Li atoms at the Massachusetts Institute of Technology.
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I. INTRODUCTION

Thanks to the high controllability of ultracold atoms in
interatomic interaction, geometry, purity, atomic species, and
lattice constant (of optical lattices), ultracold atomic gases
have already become one of the most important touchstones in
modern physics and can be used in simulating various strongly
correlated many-body models in solid-state physics [1-3].
Very recently, another instance of controllability of ultracold
atoms has been realized experimentally, in which the spin
degree of freedom of atoms (i.e., the atomic internal hyperfine
states) was coupled to the orbital degree of freedom (i.e.,
the momentum) using a two-photon Raman process. This so-
called spin-orbit (SO) coupling was first created and detected
in atomic ¥’Rb Bose-Einstein condensates (BECs) [4,5] and
then produced in atomic Fermi gases of “°K atoms [6] and °Li
atoms [7]. The realization of SO-coupled atomic gases enables
the simulation of charged particles using neutral atoms, which
are cleaner and more controllable [8]. These experiments open
an entirely different way of studying the celebrated effects
of SO coupling, such as topological insulators, topological
superconductors, and exotic superfluid phases [9—11].

Radio-frequency (rf) spectroscopy has been widely applied
in many experiments to study fermionic pairing in a two-
component Fermi gas near Feshbach resonances when it
crosses from a Bardeen-Cooper-Schrieffer (BCS) superfluid
of weakly interacting Cooper pairs over to a BEC of tightly
bound molecules [12,13] and to investigate the properties
of polarons in spin-imbalanced Fermi gases [14—17]. This
technology allows a precise determination of the molecular
binding energy [12,18] and pairing gap in a degenerate
Fermi gas [12]. In addition, the momentum-resolved rf
spectroscopy, i.e., the spectroscopy at a specific momentum,
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is also available [19] and provides important information on
low-energy excitations of exotic states of matter in ultracold
atoms. In this respect, it would be a powerful tool for
characterizing the recently realized spin-orbit-coupled atomic
Fermi gases. Indeed, momentum-resolved rf spectroscopy
of noninteracting spin-orbit-coupled “°K and °Li atoms has
already been reported [6,7].

In this work, we aim to qualitatively predict the momentum-
resolved rf spectroscopy of a resonantly interacting atomic
Fermi gas with equal Rashba and Dresselhaus spin-orbit
coupling, a system already realized experimentally at Shanxi
University and the Massachusetts Institute of Technology
(MIT) using broad Feshbach resonances [20,21]. As is well
known, a strongly interacting Fermi gas near Feshbach reso-
nances is notoriously difficult to handle theoretically [22,23].
Therefore, at the qualitative level, we approximate the strongly
interacting Fermi gas as a mixture of noninteracting atoms
and molecules. All the properties of individual molecules are
determined from the two-particle solution of two interacting
atoms. Our approximation may be justified at large temper-
atures well above the superfluid transition temperature 7,
where molecules are formed below the Feshbach resonance
and have little correlations among themselves or with atoms.
This is exactly the situation in current experiments; for
instance, at Shanxi University [6], the typical temperature of
spin-orbit-coupled “°K atoms is now at about 0.67, where Tr
is the Fermi degenerate temperature.

We consider separately the momentum-resolved rf spec-
troscopy of atoms and molecules. Moreover, according to real
experiments we take into account the crucial trapping potential
that prevents the atoms and molecules from escaping. Within
the local density approximation (LDA), the trapped Fermi
cloud may be divided into many locally uniform subsystems.
For each subsystem, we calculate the rf responses of the
atomic and molecular components based on the one-particle
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and two-particle solutions of uniform systems and Fermi’s
golden rule. We finally add up all the local contributions to
determine the total momentum-resolved rf spectroscopy. We
note that due to SO coupling, weakly bound molecules with
anisotropic mass and wave function may be formed [24-26].
The bound to free rf transition of weakly bound molecules at
rest has been predicted [27]. In this work, we consider the rf
transition of weakly bound molecules at motion with arbitrary
center-of-mass (c.m.) momentum.

The paper is arranged as follows. In the next section, we
consider the situation of current experiments and introduce
the model Hamiltonian responsible for equal Rashba and
Dresselhaus SO coupling. In addition, we introduce the
LDA formulism and present the calculation for the chemical
potential. Then, the single-particle and two-particle problems
of a local uniform subsystem are solved in Sec. IIl. The
general formulas for the binding energy and wave function
of two-particle bound state with nonzero c.m. momentum are
also provided. In Sec. IV, we derive the momentum-resolved
rf transition signals fornoninteractingatoms and molecules,
respectively, and then obtain the total rf spectroscopy for the
harmonically trappedidealgas mixture of fermionic atoms and
bosonic molecules. Finally, our main results are presented in
Sec.V.

II. MODELS

A. Hamiltonian

We consider a SO-coupled Fermi gas with atomic mass m
in a harmonic trap V (r) = m(wx? + w2y? + 0?z%)/2. The
SO coupling is created by a two-photon Raman process [6,7].
The many-body Hamiltonian responsible for this process may
be modeled as H = Ho + Hin, Where

n*v?
Hy = Z/drqzj(r) [— s V(r)—u} Vs (1)

m
i Qg +i2kgx
+ /dr [\IfT (r) <7€ ) v, (r) + H.C.i| (D)

is the single-particle Hamiltonian and
Ho = U [ drv} @9 @, 000 @

is the interaction Hamiltonian describing the contact interac-
tion between two spin states. Here, \Ili (r) is the creation field
operator for atoms in the spin state o. The second term in
‘Ho describes the Raman coupling between two spin states
with strength Qpg, kg is the wave number of two Raman laser
beams, and therefore 2iiky is the momentum transfer during
the two-photon Raman process [6,7]. The interaction strength
is denoted by the bare interaction parameter Uy, which should
be regularized in terms of the s-wave scattering length a;,
thatis, 1/ Uy = m/(4nh’a;) — (1/V) Y m/(H*k*). By using
Feshbach resonances, the s-wave scattering length a,; could
be arbitrarily tuned, and the system may undergo a crossover
from a BCS superfluid of weakly interacting Cooper pairs
to a BEC of tightly bound molecules. Therefore, the atomic
chemical potential ;4 may decrease as a result of decreasing
atomic population when weakly bound molecules are formed.
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As argued in the introduction, we treat the Fermi cloud as a
mixture of noninteracting atoms and molecules, although the
degree of freedom of molecules is not made explicit in our
model Hamiltonian from the outset. We take the molecule as
a two-particle bound state and determine all its properties by
using two-particle solution of two interacting atoms. In the
harmonic trap, we assume that these molecules experience the
same harmonic trap as atoms, but with double mass, that is,
Vu() = m(a)f()c2 + w%y2 + w?zz). Note that our treatment of
an ideal mixture of atoms and molecules becomes exact for
a Feshbach resonance with zero resonance width. However,
for the broad Feshbach resonance used experimentally, this
treatment is valid at the qualitative level only.

B. Local density approximation

If the number of atoms is sufficiently large, it is reasonable
to assume that the trapped cloud may be divided into many
locally uniform subsystems with a local chemical potential
[28,29]. Then, within LDA, the external trap V(r) in the
Hamiltonian (1) is absorbed into the chemical potential, and
we can define effective local chemical potential

u(r) = pu — tm(0?x? + 03y + wl7?). (3)

Note that the global chemical potential i, which is determined
by the total number of atoms, can be regarded as the local
chemical potential in the trap center (r = 0).

In order to evaluate the chemical potential w, let us
consider the ideal gas mixture of fermionic atoms and bosonic
molecules at finite temperatures. The distributions of the atoms
and molecules are respectively determined by the Fermi-Dirac
and Bose-Einstein distributions,

1

1O = w1 @)
1

fM (€)= ee—mm)/kgTu) — 1° ®)

where kp is Boltzmann’s constant, and T4 p and @ and
Wy are the temperatures and chemical potentials of atoms
and molecules, respectively. From the thermal and chemical
equilibrium conditions, we have the following relations:
Tao=Ty =T and puy =2u + 5, where ep is the binding
energy of the molecules relative to the threshold of two free
atoms. To ease the numerical workload, we approximate it as
ep ~ Ep = hz/(masz). Here, E is the binding energy in the
absence of SO coupling.

The populations of the atoms N4 (in a single spin
component) and noncondensed molecules Ny, are given by

Ny = /0 depn () f (€, ©)

Ny = / deon (©) fur (€). )
0

where py4 pr (€) are the density of states (DOS) of the atoms
and molecules, respectively. Qualitatively, for atoms we use
the well-known expression for DOS in harmonically trapped
systems without SO coupling,

2

€
—d 8
2y €, ®)

pa(€)de =
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where v = (a)xa)ya)z)l/ 3. For molecules, we instead use

2
Vre de
2 (ho)

The factor ,/y appearing in the DOS of molecules is due to the
SO coupling, which induces an effective mass M, = y(2m), as
we make clear later. By combining Eqs. (4) and (5) and (6)—(9),
the populations of the atoms and noncondensed molecules are
given by

pu (€)de = €))

kgT\> . .
Ny=— <h_> Lis (—ZA), (10)
w
ksT\>
Ny = ﬁ(,f—w> Lis (zu) » (11)

where 74 = e*/*sT) and 7, = ¢ +E»)/*sT) are the fugacities
of the atoms and molecules, respectively, and Li, (z) is the
polylogarithm function. Therefore, the chemical potential u
should satisfy the following equation:

2NA+2[Nu + Ny =N, (12)

where N}(S) is the population of the condensed molecules and
N is the total number of atoms. Note that one molecule is
counted as two atoms. Above the critical temperature (i.e., T >
T.), there is no condensed molecules (Nj(g) = 0); therefore
Egs. (10)—(12) yield

3
—2Li3 (—za) + 24/yLiz (zy) = N (h—w) . (13)
kgT
Then from Eq. (13), the chemical potential ;« can numerically
be evaluated at a specific temperature and interaction strength
Eg. The molecule BEC occurs below the critical temperature,
that is, T < T,. In this case, the chemical potential of
molecules vanishes (i.e., wy = 0), which in turn gives u =
—Eg/2.

With the chemical potential u obtained, the properties of
the trapped systems may be calculated by integrating over the
whole space, based on the local solutions of uniform systems.
In the following sections, we first solve single-particle and two-
particle problems in uniform systems and then investigate the rf
spectroscopy of trapped gases under the LDA approximation.

III. SINGLE- AND TWO-PARTICLE PROBLEMS
FOR UNIFORM SYSTEMS

A. Single-particle solution

The single-particle problem in a uniform system has been
discussed in detail in our previous work [27,30]. Here, for self-
containment we summarize briefly the results. We focus on the
following noninteracting Hamiltonian for the subsystem:

Z/drqﬁ (r)—\-IJ (r)

+ 2 [anwlwe v, + el (14)

where k = —iV. Under the transformation [27,30], Wy (r) =
e+lkal/fT (r) and ¥ (r) = e""”x/@ (r), the spatial depen-
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dence of the Raman coupling term in Eq. (14) is removed
and yields

h* (K + k;
Ho = / dry| (r) [% + Akx} 20

(K +

. [n k
+ /drwi (r) [T

) — Mk :| ¥ (r)
b [ drtvl@w, e + Hell (1)

where e, is the unit vector along the x direction. For
convenience, the effective Zeeman field h = Qg /2 and the SO-
coupling strength A = hi%kg/m are introduced. This single-
particle Hamiltonian (15) can be easily diagonalized to yield
two eigenvalues [27,30],

k% R%k?
Exy = —2 4+ —— 4+ /12 4+ A2k2. (16)
2m 2m

The symbols “+£” stand for the two helicity branches, and the
corresponding single-atom eigenstates in helicity basis take

the form
[|k+)] _ |: CO'S@k sineki| |:|k T)i|’ (a7
|k—) — sin B cos G k)

where 6 = arctan[(\/h? + A%k2 — Ak,)/ h]. It is obvious that
the lowest single-particle energy occurs atk; = /k§ +k2=0

and k, = /m2x2/h* — h2 /A2 if h < mA?/h* and is given by

Rk: mA® RPh? h?h?
Emin = T 22 T 5.2 T 5.2 (18)
2m 2h 2mA 2mA

B. Two-body bound state

The two-body problem with zero c.m. momentum in a
uniform system has already been solved in Ref. [27]. However,
real experiments are carried out well above the critical
temperature [6,7], where two-particle states with a nonzero
c.m. momentum may become important. As we shall see, at
the quantitive level, molecules with a nonzero c.m. momentum
can have small contribution to the (momentum-resolved) rf
spectroscopy. Here, we outline briefly the general solution
with arbitrary c.m. momenta.

Under the gauge transformation for the field operators, the
form of the interatomic interaction (2) is invariant, H;, =
Uo [ dryr] (£) ¥} (1) v, (r) ¥4 (x). For a two-body problem in
the presence of SO coupling, the c.m. momentum is a good
quantum number, and therefore the two-body wave function
at a given c.m. momentum ¢ can generally be written as (we
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set the volume V = 1) [26]

PHYSICAL REVIEW A 86, 063610 (2012)

1 . N
T f T i T i
[Wr5(q)) = e E Y11 (K)Cqa k1 Cqpaiey T Vit (0 Cqpaiiey Cqjaier T V1 Cq a1 Cqaier T V11 KICq 011 gk 11Vac),
K

19)

where clT(T and cl , are creation field operators of spin-up and spin-down atoms with momentum k and C= Zk[lllfm(k)|2 +

Y WP + ¥ WP + (¥ (0]

is the normalization factor of the two-body wave function. The Schrodinger equation

HIW,5(q)) = e5(q)|V25(q)) is equivalent to the following set of coupled equations:

h2k12e h2k2 h2q2
£5 (@) — m + m + 4m

+ 2)»1&)} ¥y (K) = +(Uo/2) Z[lﬂm(k/) = Y K]+ hyryy (K) + by (k) (20)
"

h2k2 h2k2 h2q2
[83 (@ — ( mR + p” + am 2)‘kx)i| Yy (k) = —(Uo/Q)ZWN(k’) — Y KD+ by (K) + Ay (k) (21)
k/
h2k2 h2k2 h2q2
|:83 (@ — < mR t Mlx>i| VUrr (K) = hpy ) (K) + hypry 4 (K) (22)
h2k2 h2k2 hZ 2
|:83 (@ — ( mR t— -t 431 + M]x>:| Vi (K) = hyry ) (K) + b4 (K) . (23)

Here, €5 (q) is the energy of the two-body wave function,
which is dependent on the c.m. momentum q. By introducing

thZ h2k2 h2q2
AquEB(Q)—( R+ + >, (24)
m m 4m
¥y (K) = [y (k) — ¥ (0]/v2 and ¥, (k) = [y (k) +
(VAR (K)]/~/2, it is easy to show that
2h
Uiy (k) = Affm (k). (25)
V2h
vy (k) = Wwa k), (26)
k) = 20k, qx n 4h? Agq &)
wa - 4h2 4+ )\2%% Akq Az —4h2 — );2 2 ws ’
(27)
and
402k2/ Ay, )
[Akq_ 1—4n2/ (A}, q;Lz z)}‘”v(k) UOZW (k).

(28)

From Eq. (28), the un-normalized spin-singlet wave function
¥, (K) is given by

—1
4022/ Arg
X . 29
a4 -]

Thus, the two-body binding energy is determined by
Uo 2 x5 (k) =1, 0r

m
4rh’ay B Z |:1/[5( )+ h2k2i| =0 0

Vs(k) = |:Akq -

Here, the bare interaction Uy has been regularized by the s-
wave scattering length a;. A bound state exists if its energy
satisfies €g(q) < 2Enin, Where Epy, is the lowest single-atom
energy given by Eq. (18). The normalization factor for the
wave function is given by

4n*(Ag + 22q;

)
C = ‘Yk2{1+[#+1}
2R | Sy
4N [ ARy }
)]

X
[1 = 4h?/(Agy =274

€2y

The bound-state energy can be easily solved from Eq. (30),
and the results are plotted as a function of the s-wave scattering
length in Fig. 1 for zero c.m. momentum at three typical
values of the Zeeman field (h/E, = 0.2,0.5,0.8). Here, we
have introduced kg = mA/h* and E; = mA?/h? as the units
of the wave vector and energy, respectively. We find that the
bound state exists only for a; > 0.

Due to the SO coupling, the effective mass of the two-body
bound state is affected. In the limit of small c.m. momentum
(i.e., q & 0), the energy of two-body bound state would have
a well-defined dispersion,

Pa; 4]

= e, (0 ,
ep (Q) 83()+2Mx M,

(32)

where e (0) is the two-body binding energy with zero c.m.
momentum and M, ; are the effective masses in x and
transverse (y and z) directions, respectively. The transverse
effective mass M is not affected by the SO coupling (i.e.,
M, = 2m), since the SO coupling is only applied along x
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FIG. 1. (Color online) Binding energies —ep/E; of two atoms
with zero c.m. momentum q = 0 as functions of the s-wave scattering
length 1/ (kgra;) for three typical values of the Zeeman field. The
horizontal dotted lines are the threshold energies 2E;, where the
bound states disappear. Here, we have introduced kg = mA/h* and
E;, = m22/h? as the units of the wave vector and energy, respectively.

direction, and therefore

A = Ay 4 45 (2 33)
ke = 7k dm \ M, ’

where Ay = ep (0) — h*k%/m —h*k*/m. By substituting
Eq. (33) into Eq. (30), expanding up to the second order of g,

and comparing the corresponding coefficients, we can easily
obtain

1 2 AT
_E_mzl_m_zz’ (34)
Y Mx h 11
where
AZ — 4h%)° 4 4022 (A2 + 4h?
- 4AL (AL — 4h% — 402k2)
16A2h2k?
L=) : (36)

AL (A2 —4n? —an2k2)’

The effective mass ratio y = M,/ (2m) as a function of the
interaction strength is shown in Fig. 2 for three typical values
of the Zeeman field (h/E, = 0.2,0.5,0.8). We find that in the

1.20 — .
|
\ i ——Mh/E =0.2
115} | i - == WE=05 -
} i —-—--h/E =0.8
=~ 110} ' \ 1
\ \
\ \
v
\
1.05 - \\ -\- E
\ \.
1.00 - L
0.0 0.5 1.0 1.5 2.0
1/(ka)

FIG. 2. (Color online) The effective mass of weakly bound
molecules, y = M,/ (2m), as functions of the interaction strength
1/ (kras) for three typical values of the Zeeman field.
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BEC limit the effective mass is independent of the values of
the Zeeman field and y approaches unity, since two atoms
are deeply bound and form a tightly bound molecule. When
the interaction is tuned towards the resonance, the two-body
bound state becomes looser, and the SO coupling will induce a
relatively large effective mass. However, the large SO coupling
could also destroy the bound state at a critical s-wave scattering
length, as we have seen in Fig. 1.

IV. RADIO-FREQUENCY SPECTROSCOPY

In this section, we first present the basic idea of the rf
transition based on the Fermi’s golden rule and then derive the
Frank-Condon factor for the rf transition of atoms as well as
weakly bound molecules. Finally, under LDA, we theoretically
investigate the rf spectroscopy of a harmonically trapped ideal
gas mixture of fermionic atoms and bosonic molecules, which
is observable in current experiments.

A. Radio-frequency transition and Fermi’s golden rule

The basic idea of the rf transition is simple. An rf field is ap-
plied to an atomic Fermi gas with two hyperfine states (denoted
as |1) = |1) and |2) = |])) and drives one of the hyperfine
states (i.e., || )) to an upper state |3) with a bare atomic hyper-
fine energy difference fiw3 | due to the magnetic field splitting.
The Hamiltonian of this rf coupling may be written as

Vi = Vo f e[y 0w, (1) + Hel, 37)

where 1/f3T (r) creates an atom in the third state at position r
and Vj is the strength of the rf drive and is related to the Rabi
frequency wg by Vp = hwg/2. Using the field operator after
the gauge transformation, the rf coupling is

Vir = Vo / drle™* @)y, (r) + Hel, (38)
or in the momentum space,

Vi =Vo Y (cl_ype,30ks +He) (39)
k

for later convenience. Note that, because of the transformation,
effectively there is a momentum loss of kge, for the transferred
atoms.

According to Fermi’s golden rule, the general strength of the
rf transition is proportional to the Franck-Condon factor [31],

Es — E;
L(Q) = (Y7 Vos i) P8 <Q - fT) , (40)

where |1ﬁ,-, f> denote the initial and final states with correspond-
ing energy E; r, respectively, and 2 is the frequency of the rf
field. The § function keeps the energy conserved during the
transition.

B. The single-particle rf transition

In the single-particle picture, the eigenstates of a SO-
coupled atom are the helicity states |k+) (Jk—)), other than
the original spin states |k 1) (|k |)). If an atom is initially
prepared in the state |k—) with energy Ex_, the rf photon
will transfer this atom to a third empty state |3). In order to
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obtain the final state of the rf transition, it is useful to calculate
Vs |[k—). Using Eqgs. (17) and (39), we can easily obtain

Vs [k—) = Vo cos el o 5 Ivac). (41)

This means that after the rf transition there is a probability of
|cos Ok|? that transfers the atom to the final state |3) with a
momentum k — kge,. Similarly, the final state should be

Vg [k+) = Vosinbiel_ . 5 Ivac), (42)

if the atom occupies the state |k+) before the rf transition. It
also means the probability that transfers an atom to the final
state |3) with a momentum k — kge, is |sin 6 |>. Generally, the
atoms are initially prepared in the mixture states of |k—) and
|k+) with the probability f (Exs+ — u), respectively, where
f (Ext — n) is the Fermi-Dirac distribution, and w is the
chemical potential. According to Fermi’s golden rule, the total
rf transition strength therefore is given by (Vy = 1)

A
A (@) = Fsin0uf (B =03 (Q - %)

Ae_

—1—20052 O f (Ex— — 1) <Q - T) , (43)

where

2m

= —aky F \/h? + 22k2 (44)

is the probable energy difference between the final and initial
states. Without any confusion, we have ignored the bare
hyperfine splitting, that is, w3, = 0.

C. Two-body bound-to-free radio-frequency transition

The picture of the two-body bound-to-free rf transition
is that the rf photon breaks a weakly bound molecule and
transfers one of the two atoms to the third state |3). The final
state is determined by [27]

Vor [Wap (@) = Vo 3 e e aciy [W2n (@) . (45)
k

By substituting the wave function of the two-body bound
state (19) into Eq. (45), and after some straightforward algebra,
we easily obtain

1
VirIWap(q)) = —\/;VO Z le/szfk,‘,exg
k

<AV (K) + Ya()leh 5
V20 (Kt 5y Hvac).  (46)

By using Eq. (17), the final state can be written in terms of the
helicity basis as

1
VirWap(qQ)) = —\/EVO Z c:;/szfkRexﬁ
k

X (S(I/2+k+cj1/2+k+ — Sq/2+k— CI]/Zkaf)'VaC) )
“47)
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where

Sq/24+k+ = [% (k) + l/,d (k)] COos 9q/2+k

+ /2y (K)sin g2 41 (48)
Sq/2+k— = [¥s (K) + Yo (K)]8inOg/24x
— V2, (K)cos Oq2 1k (49)

Equation (47) could be understood as follows. During the rf
transition, a molecule with c.m. momentum q is broken by
absorbing the rf photon, and then the spin-down atom is trans-
ferred to the third state. Finally, there are two possibilities. We
may have two atoms in the third state and upper helicity state,
with a probability |sq/24+k+ |2/C. Also, we may have a probabil-
ity of |sq/24k— |2/C for having two atoms in the third state and
lower helicity state. Taking into account these two final states,
we should have the following transfer strength or the Franck-
Condon factor, according to Fermi’s golden rule (Vy = 1):

1 Aeg
Pu(@) = 5 3 lsace 8 (sz —~ T*)
k

1 2 Ae_
+3 ; |5q/2-1k 178 (sz — T) . (50)

where
_ hZ(q/z -k - kRex)2
o 2m

is the probable energy difference between the final and initial
states. Here, we have already ignored the bare hyperfine
splitting, that is, w3, = 0 as well. Equations (50) and (51)
recover the results of [27] when q = 0.

A(‘E‘i

+ Eq24x,+ — €8(Q) (51)

D. Using rf spectroscopy for a harmonically trapped gas mixture

In this subsection, we are ready to investigate theoretically
the rf response signals of the harmonically trapped ideal gas
mixture of the atoms and molecules, as well as the total rf
spectroscopy.

1. The signals of the atomic component

The rf transition strength for atoms in a uniform system is
determined by Eq. (43). In the harmonic trap, the rf transition
strength of atoms at the position r should be I' 4 (€2,r), in which
we use the local chemical potential,

u) = = 7 (@35 + 0}y + 022, (52)
where u is the chemical potential in the trap center determined
by Eq. (13). Thus, using LDA the total rf transition strength
of the atomic component in a harmonic trap is ['4 (2) =
[ drT4(Q,r).

In the actual calculation, the summation Zk in 'y (2,r)
may be replaced by the integral (27)° [ dk, [ d’k, . After
some tedious but straightforward derivation, the total atomic
rf transition strength has the following form:

ET.@) 3 (EA T >3/2 h?
N 227 \Er T Q2
oo
y / dk2 Lisp[—z4e~ 5007 (53)
0
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FIG. 3. (Color online) The 1f spectroscopy of the atomic compo-
nent in a harmonic trap at different values of the Zeeman field, that is,
h/E; =0.6,0.8,1.0. Here, we have taken Eg/E;, =2, Er/E, =1,
and T/Tr = 1.

where

. n(k k) R <h2—92)2 R+ Q2
= _

L 2m 2mA2 2Q 20
(54)

and Er = ho BN)'? and Ty = Ep/ kg are the Fermi energy
and Fermi temperature, respectively. At a given temperature
T and interaction strength E g, the atomic chemical potential
W is obtained from Eq. (13). Then, with a fixed total atom
number N (which in turn gives the Fermi energy Er), the rf
transition strength of the atomic component can numerically
be calculated from Eq. (53). The results are presented in Fig. 3
for different values of Zeeman field at the given parameters,
Eg/E, =2, Er/E;, =1 and T/Tr = 1. We find that there
is a bimodal structure in the rf spectroscopy of the atomic
component. The stronger rf signals at the positive frequency
2 correspond to the transition out of the lower helicity state,
while those with weaker strength at the negative frequency
correspond to the transition out of the upper helicity state. On
the other hand, there is a red shift in the peak positions as the
strength of the Zeeman field decreases. As we may anticipate,
the peak transition frequency €2 will reach the bare hyperfine
splitting w3, = 0 in the absence of SO coupling.

In addition to the total strength of the atomic rf transition, we
can also calculate the transition strength of atoms at a specific
momentum k,. This momentum-resolved rf spectroscopy has
already been investigated at Shanxi University [6] and MIT [7].
According to Eq. (43), we can carry out the integral over k|
and retain that of k,. Therefore, the momentum-resolved rf
transition strength is determined by

kRrEWT 4 (82,ky)
N

3 3\/5(& T)3/2 | Ak,
 2V2 \ErTr I+ 2K

Aey < . —Exi/kpT
X & Q—T dkLL13/2(_ZA€ K+ B)
0
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hQ/E

hQ/E

K /k,

FIG. 4. (Color online) The momentum-resolved rf spectroscopy
of the harmonically trapped atomic component for different values
of the Zeeman field and interaction strength. Here, we have taken
Ep/E;, =2, T/Tr =1, and o = 0.1. In addition, we have also
defined K, = k, — kg (see text), which moves the whole spectra
to the right by an amount kg.

N 3\/E<EA T>3/2 A
22 \Er Tr Vh? + 22k2
Ae_ < . —Ex_/ksT
) Q—T dk_LL13/2(—ZA€ k=/%8 ) (55)
0

Corresponding to experiments, the § function in Eq. (56) can
be replaced by the Lorentz-line shape as

1 o
b0~ — s, (56)
TXxc+0o
where o is the line width.
‘ i 10f ]
0.25} ) h/Ek=0.5 1 :" h/El=1.0
< o020 |\ Josf 1 1
9/ ‘\ ' q‘/kR:O
0.15} \ 4061 oft —05 1
Lz \. i q,/k,=0.5
< 010} J04r Y
84| R\
0.05} 0.2t |
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0 1 2 3 4 5 60 1 2 4 5 6

3
le/EA hQ/Ex

FIG. 5. (Color online) The 1f spectroscopy of a single molecule
for different values of the Zeeman field at given c.m. momenta
q/kg =0 and q/kgr = 0.5. Here, we have chosen an interaction
strength Ez/E; = 1.
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FIG. 6. (Color online) The momentum-resolved rf spectroscopy

of a single molecule for different values of the Zeeman field at given

c.m. momenta q,/ kg = 0 and q/kgz = 0.5. Here, we have chosen the
interaction strength Ep/E; = 1.

-1 0
K /k,

Figure 4 reports the momentum-resolved rf spectroscopy
of the atomic component for different values of the Zeeman
field and interaction strength. Here, we define K, = k, — kg
to make sure the spectra is a symmetric function of K, in the
absence of SO coulping [30]. As we anticipate, there are two
branches in which one is relatively weaker than the other one.
Since the energy of the upper helicity state |k+) is larger
than that of the lower helicity state |k—), the atoms will
occupy the lower helicity state first and then the upper one
before the rf transition. Thus, the initial atomic population of
the lower helicity state should be larger. Therefore, similar
to the integrated rf spectroscopy, the brighter branch of
the momentum-resolved rf spectroscopy corresponds to the
rf transition out of the state |k—), while the weaker one
corresponds to the rf transition out of the state |k+). Therefore,
the contribution from two initial states could be well identified
experimentally. We can also see that the gap between two
branches becomes larger when the strength of the Zeeman field
increases. This is because the transition frequency deviates
from the bare hyperfine splitting w3, more obviously with a
stronger SO coupling.

PHYSICAL REVIEW A 86, 063610 (2012)

All these features, discussed above, are in good agreement
with the experimental observation for a noninteracting spin-
orbit-coupled atomic Fermi gas; see, for example, Fig. 4 in
Ref. [6] and Fig. 2 in Ref. [7].

2. The rf spectroscopy of the molecular component

With the two-body binding energy solved from Eq. (30)
at a given c.m. momentum q, the rf transition strength of
a single molecule can be calculated directly from Eq. (50).
We plot the rf response of a single molecule with zero
c.m. momentum, as well as nonzero c.m. momentum (i.e.,
qx/ kg = 0.5) in Fig. 5. Here, the interatomic interaction
strength, denoted by E/E) = [»? /(mAayg)]?, is set to be unity.
Since the SO coupling is only along the x direction, we can set
the transverse c.m. momentum q; = 0, which is physically
irrelevant and arbitrary. From Fig. 5, we find that there is
a slight red-shift in the peak position with a nonzero c.m.
momentum. This is because the energy gap between the final
and initial states becomes smaller at nonzero c.m. momentum,
and consequently a little higher transition peak appears.

The momentum-resolved 1f spectroscopy of a single
molecule can be obtained from Eq. (50) by integrating over
k, and is given by

m

Ty (Q2.k) = W[mq/ﬂm@(ki,p
+ Isq/24x- P OKT )], (57)
where © (x) is the step function and
m k2 + (ks + kg)?
By=—[Q+ep(@] — | et
h 2
i+ (kr +q0)* | m ?
(58)

The momentum-resolved rf spectroscopy of a single molecule
with zero and nonzero c.m. momentum (g,/kgr = 0.5) are
presented in Fig. 6. In this plot, we have defined K, =
—k, — kg, as we require that in the absence of SO coupling
the spectra is an even function of K, [27]. We find that the
contribution from two final states are well separated in different
frequency domains and therefore should be easily observed
experimentally.

0.4 v v v v v
WE =0.2 h/E =0.5
Z 0.3+ 1
a
L; 0.2
m
0.0 L n N T

hQJE,

hQJ/E,

hQJE,

FIG. 7. (Color online) The total rf spectroscopy of a harmonically trapped ideal gas mixture of fermionic atoms and bosonic molecules at
different Zeeman fields. Here, we take Ep/E, = 1, Ep/E, = 1,and T/Tr = 0.2.
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FIG. 8. (Color online) The total rf spectroscopy of a harmonically trapped ideal gas mixture of fermionic atoms and bosonic molecules as
a function of temperature at a fixed Zeeman field strength 2/ E; = 0.5. Here, we use Eg/E; = 1 and Er/E; = 1.

3. The total rf spectroscopy of the gas mixture
of atoms and molecules

By increasing the attractive interaction strength of a
two-component Fermi gas at finite temperatures, the sys-
tem will evolve into a mixture of fermionic atoms and
bosonic molecules. We have so far discussed the integrated
and momentum-resolved rf responses for both atoms and
molecules. The total rf spectroscopy of a harmonically
trappedidealgas mixture of atoms and molecules can now be
easily obtained.

For the atomic component, the rf transition strength is
already given by Eq. (53). As for the molecules, the population
Ny can be calculated from Eq. (11) at given temperature
T/ Tr and interaction strength Ez/ E; . In real experiments, the
temperature is low so that the distribution of the molecular c.m.
momentum ¢ is very narrow around q = 0. As already seen

<
S
g
= -2
-4
0 0
. " "
g
g 2 |
-4
= I0.2 I1
53
g
= -2

3-2-10
K/

FIG. 9. (Color online) The total momentum-resolved rf spec-
troscopy of a harmonically trapped ideal gas mixture of fermionic
atoms and bosonic molecules. The left panel shows the spectra at
different Zeeman field strengths at a fixed temperature 7/7TF =
0.2, while the right panel shows the temperature dependence of
spectroscopy at a fixed Zeeman field h/E;, = 0.5. Here, we take
Ep/E, =1 and Er/E; = 1. Note the different color scales in the
left and right panels.

2 3 3-2-10
K /k,

2 3

from Figs. 5 and 6, the rf spectroscopy of molecules depends
weakly on q. Thus, as a good qualitative approximation,
we may focus on the rf transition of molecules with zero
c.m. momentum only. Then, the total rf transition strength of
molecular component is given by Ny "y (€2). In the end, we
obtain the total rf spectroscopy,

I (€2) =Ta () + Nyl'y (). (59)

Figure 7 shows the total rf spectroscopy of the atom-
molecule mixture at different Zeeman fields and at fixed
temperature 7/ Tr = 0.2 and interaction strength Eg /E; = 1.
It is obvious that there is a double-peak structure in the
spectroscopy. The peak at higher frequency is responsible
for weakly bound molecules, since more energy is required
for pair breaking. With increasing the Zeeman field 4, the
energy difference between the final and initial states of atoms
during the rf transition becomes larger, and thus a decrease
in the atomic peak is observed. On the other hand, since the
energy difference between the molecular final and initial states
becomes smaller as the Zeeman field increases, the rf signal
of molecules grows, as we may anticipate.

In order to show the temperature dependence, we also
calculate the total rf response of the ideal gas mixture at
different temperatures and at a fixed Zeeman field 2/ E; = 0.5,
as reported in Fig. 8. As the temperature decreases, the
population of molecules becomes larger. Thus, a reduction of
the atomic signal is observed. The molecular response should
dominate when temperature decreases to zero.

Finally, we present the total momentum-resolved rf spec-
troscopy in Fig. 9, with parameters correpsonding to Fig. 7
(see the left panel) and Fig. 8 (right panel).

V. CONCLUSIONS

In conclusion, we have theoretically investigated the
momentum-resolved radio-frequency spectroscopy of a har-
monically trappedidealgas mixture of fermionic atoms and
bosonic molecules with spin-orbit coupling. This is a qual-
itative theoretical model of spin-orbit-coupled atomic Fermi
gases near broad Feshbach resonances.

In particular, for local uniform systems, general formulas
for the wave function and binding energy of weakly bound
bosonic molecules with nonzero center-of-mass momentum
have been derived. The influence of this nonzero center-
of-mass momentum on the radio-frequency spectroscopy of

063610-9



SHI-GUO PENG, XIA-JI LIU, HUI HU, AND KAIJUN JIANG

molecules has been discussed in detail. Based on few-body
solutions in uniform systems, the radio-frequency responses
of atomic and molecular components in harmonic traps have
been calculated within the local density approximation using
Fermi’s golden rule. Our results provide a qualitative picture
of momentum-resolved radio-frequency spectroscopy of a
strongly interacting spin-orbit-coupled Fermi gas in harmonic
traps, which could be directly observed in future experiments
at Shanxi University [6,20] and MIT [7,21].

In real experiments, where strongly interacting Fermi
gases are created in the vicinity of Feshbach resonances, the
atoms and weakly bound molecules must strongly interact
with each other. An in-depth analysis of radio-frequency

PHYSICAL REVIEW A 86, 063610 (2012)

spectroscopy would rely on much more complicated
many-body theories [32], beyond the simple few-body picture
presented in this work.
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