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Abstract
We derive the full set of universal relations for spin-polarized Fermi gases 
with p -wave interaction in two dimensions, simply using the short-range 
asymptotic behavior of fermion-pair wave functions. For p -wave interactions, 
an additional contact related to the effective range needs to be introduced, 
besides the one related to the scattering volume. Since the subleading tail 
(k−4) of the large-momentum distribution cannot fully be captured by the 
contacts defined by the adiabatic relations, an extra term resulted from the 
center-of-mass motions of the pairs gives rise to an additional divergence in 
the kinetic energy of the system, besides those related to the contacts defined. 
We show in Tan’s energy theorem that if only two-body correlations are taken 
into account, all these divergences are reasonably removed, leading to a finite 
internal energy of the system. In addition, we find that all the other universal 
relations, such as the high-frequency behavior of the radio-frequency 
response, short-range behavior of the pair correlation function, generalized 
virial theorem, and pressure relation, remain unaffected by the center-of-
mass motions of the pairs, and are fully governed by the contacts defined 
by the adiabatic relations. Our results confirm the feasibility of generalizing 
the contact theory for higher-partial-wave scatterings, and could readily be 
confirmed in current experiments with ultracold 40K and 6Li atoms.

Keywords: Fermi gases, Tan’s contact theory, p -wave interactions

1.  Introduction

In the past decades, ultracold Fermi gases with short-range interactions have attracted a great 
deal of interest due to their unique properties [1, 2]. Especially, near scattering resonances, 
where the scattering length a is much larger than all the other length scales, such systems 
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manifest universality: the many-body properties at long distance are primarily determined by 
a, and become irrelevant to the specific form of the short-range interatomic interactions [3]. 
For strongly interacting two-component Fermi gases with s-wave interactions, a set of univer-
sal relations that follow from the short-range behavior of the simple two-body physics were 
derived by Shina Tan, governing the key properties of many-body systems [4]. Afterwards, 
more universal relations were obtained [5]. All these relations are characterized by the only 
universal quantity named contact, and then the concept of contact becomes significantly 
important in ultracold atoms both theoretically and experimentally [6–17].

However, for higher partial waves, Tan’s universal relations should be amended, since the 
short-distance behavior of interatomic interactions cannot simply be characterized by a single 
scattering parameter. More microscopic parameters need to be involved besides the scattering 
length (or scattering volume, or some quantity like that), such as the effective range, which 
may result in non-trivial corrections. As the simplest case of higher partial wave scatterings, 
the p -wave many-body systems have attracted both experimental and theoretical attention 
[18–29]. Considering the finite-range effect, more contacts are needed when generalizing the 
s-wave contact theory to the p -wave case [30–33]. It is found that if one tries to define the 
contacts according to the adiabatic relations, the subleading tail of the large-momentum dis-
tribution cannot fully be captured, and an extra term appears, due to the center-of- mass (c.m.) 
motions of Cooper pairs [32]. This is a general feature of strongly interacting Fermi gases 
near p -wave resonances. Very recently, the p -wave contacts defined by the adiabatic relations 
for a two-dimensional (2D) Fermi gas are discussed in [35], and even the three-body contact 
is introduced in [36] when taking the super Efimov effect into account. However, the full set 
of universal relations still lack justification, such as the energy theorem, the short-distance 
behavior of the pair correlation function, and so on.

In this paper, we systematically study the full set of the p -wave universal relations, choos-
ing the 2D spin-polarized Fermi gas as the model system. We present a derivation of the 
universal relations following the route of Tan’s original work about the s-wave case, in which 
only two-body correlations are taken into account [4]. Among these universal relations for 
p -wave interactions, the energy theorem is of particular interest, since it is directly related to 
the feasibility of the contact interaction. For s-wave interactions, the kinetic and interaction 
energies are both ultraviolet divergent in the zero-range limit, but these divergences cancel 
with each other when they add up. The resulting internal energy of the system remains physi-
cally finite, which can be expressed using Tan’s energy theorem, involving only the momen-
tum distribution and the contact. Here, we show that the internal energy as a functional of the 
momentum distribution still exists for a spin-polarized Fermi gas near p -wave resonances in 
two dimensions, and thereby establish Tan’s energy theorem for p -wave interactions. The 
derivation of the p -wave energy theorem is nontrivial. Unlike the s-wave case, the many-body 
wave function of a p -wave system may not be well normalized in the zero-range limit. It actu-
ally diverges logarithmically as the interaction range vanishes. Starting from the short-range 
behavior of the many-body wave function, we define the p -wave contacts according to the adi-
abatic relations, and then verify the behavior of the momentum distribution at large k [35]. We 
find that both the leading (k−2) and subleading (k−4) tails give rise to the ultraviolet divergence 
for the kinetic energy. While the subleading tail cannot fully be described by the contacts 
defined by the adiabatic relations, an additional divergence for the kinetic energy arises due to 
the c.m. motions of the pairs, besides those related to the contacts. Here, we demonstrate that 
all these divergences can reasonably be removed, leading to a well-defined internal energy of 
the system.
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The high-frequency tail of the radio-frequency (RF) response of the system is also gov-
erned by the contacts, and is experimentally used as a way of measuring the contacts. It links 
to the momentum distribution n (k) as 

∑
k n (k) δ

(
�ω − �2k2/M

)
, as the RF ω → ∞, a result 

first derived by Schneider and Randeria according to the properties of the spectral function 
[9]. Here � is the Planck’s constant and M is the atomic mass. At first glance, the c.m. contrib
ution of the pairs in the subleading k−4 tail of the momentum distribution n (k) should be 
involved in the asymptotic behavior of the RF response at high frequencies. However, after 
a rigorous calculation according to the Fermi’s golden rule, we find that the high-frequency 
tail of the RF response is determined by 

∑
k n′ (k) δ (�ω −∆E), where ∆E is the energy 

difference between the final state after the RF transition and the initial state, and n′ (k) is not 
exactly the momentum distribution of the system (see equation (69)). n′ (k) has the same lead-
ing behavior as that of the momentum distribution n (k), but different subleading behavior, in 
which the c.m. contribution is excluded. After carefully dealing with this, we finally discover 
that the high-frequency tail of the RF response is fully described by the contacts defined by 
the adiabatic relations.

In addition, we also obtain the short-distance behavior of the pair correlation function, 
which is determined merely by the short-range behavior of the relative motions of the pairs. 
Naturally, it is fully captured by the contacts we defined. Finally, we derive the generalized 
virial theorem as well as the pressure relation. These thermodynamic relations are easily 
derived by using the adiabatic relations, and obviously, can be fully described by the contacts 
defined by the adiabatic relations.

This paper is arranged as follows. In section 2, we present the definitions of the p -wave 
contacts, and derive the specific form of the adiabatic relations for a 2D spin-polarized Fermi 
gas. The asymptotic behavior of the momentum distribution at large momentum is discussed 
in section 3. In section 4, we derive the Tan’s energy theorem for p -wave interactions, in 
which the internal energy of the system is expressed as a functional of the momentum distribu-
tion, and demonstrate how all the divergences are removed. The high-frequency behavior of 
the RF response of the system is studied in section 5 according to the Fermi’s golden rule, and 
in section 6, the short-distance behavior of pair correlation function is obtained. The general 
virial theorem is acquired by using the adiabatic relations as well as the pressure relation in 
section 7. Finally, our main results are summarized in section 8.

2.  Adiabatic relations

Let us consider a strongly interacting spin-polarized Fermi gas with total particle number N 
in two dimensions. The interatomic collision is dominated by the p -wave interaction with a 
short range ε, which is much smaller than all the other length scales of the system. Then we 
may deal with the interaction by setting a short-range boundary condition on many-body wave 
functions: when any two of fermions, for example, i and j , get close to each other, a many-
body wave function in two dimensions can be written as

Ψ2D (X, R, r) =
∑
σ=±

Aσ (X, R)ψσ (r) ,� (1)

where r = ri − rj , R = (ri + rj) /2 are, respectively, the relative and c.m. coordinates of 
the pair (i, j), X includes the degrees of freedom of all the other fermions, and the index 
σ = ± denotes two different magnetic components of the p -wave wave function. The function 
Aσ (X, R) is regular and ψσ (r) is the two-body wave function describing the relative motion 
of the pair, which should take the form (unnormalized)
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ψσ (r) =
π

2
q [J1 (qr) cot δσ − N1 (qr)] Ω(σ)

1 (ϕ)� (2)

outside the range of the interatomic interaction, where Jν (·), Nν (·) are the Bessel functions 

of the first and second kinds, q is the relative wave number of the pair, Ω(σ)
m (ϕ) ≡ eiσmϕ/

√
2π  

is the angular function with respect to the azimuthal angle ϕ of the vector r. We note that the 
regularity of the function Aσ (X, R) implies that no more pairs except the fermions i and j  can 
interact with each other, because of such a short-range interaction.

The interactions between spin-polarized fermions can be tuned using p -wave Feshbach res-
onances experimentally, and Tan’s adiabatic relations state how the total energy of the system 
changes accordingly when the interatomic interaction is adiabatically adjusted. To derive the 
adiabatic relations, we consider two many-body wave functions Ψ2D and Ψ′

2D corresponding 
to different interaction strengths, and they should satisfy the Schrödinger equations with dif-
ferent energies

N∑
i=1

[
− �2

2M
∇2

i + U (ri)

]
Ψ2D = EΨ2D,� (3)

N∑
i=1

[
− �2

2M
∇2

i + U (ri)

]
Ψ′

2D = E′Ψ′
2D,� (4)

if there is no pair of fermions within the range of the interaction. Here, M is the atomic mass 
and U (ri) is the external potential experienced by the ith fermion. Then it follows from equa-
tions (3) and (4) that [32]

(E − E′)

∫

Sε

N∏
i=1

driΨ
′∗
2DΨ2D

= −�2

M
N

∮

r=ε

(Ψ′∗
2D∇rΨ2D −Ψ2D∇rΨ

′∗
2D) · n̂dl,

�

(5)

where N = N (N − 1) /2 is the number of all the possible ways to pair atoms, the domain Sε 
is the set of all configurations (ri, rj), in which r = |ri − rj| > ε, l is the boundary of Sε that 
the distance between the two fermions in the pair (i, j) is ε, and n̂ is the direction normal to l, 
but is opposite to the radial direction. Expanding the many-body wave function (1) at small 
r, we obtain

Ψ2D (X, R, r) ≈
∑
σ

Aσ (X, R)

[
1
r
− q2

2
r ln

r
2bσ

−
(

π

4aσ
+

2γ − 1
4

q2
)

r +O
(
r3)

]
Ω

(σ)
1 (ϕ) ,

�

(6)

where γ  is the Euler’s constant, and we have used the effective-range expansion of the p -wave 
scattering phase shift for 2D systems [34], i.e.

cot δσ = − 1
aσq2 +

2
π
ln (qbσ) ,� (7)

and aσ , bσ are the scattering area and effective range, respectively, with the dimensions of 
length2 and length1. We should note that the pair relative wave number q is generally dependent 
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on X as well as R , due to the external confinement U and the interatomic interactions, and can 
formally be written as [12, 32]

�2q2

M
= E − 1

Aσ (X, R)
[T (X, R) + U (X, R)]Aσ (X, R) ,� (8)

and T (X, R) and U (X, R) are respectively the kinetic and external potential operators includ-
ing the c.m. motion of the pair (i, j) and those of the rest of the fermions. Inserting the asymp-
totic form of the many-body wave function (6) into equation (5), and letting E′ → E, a′

σ → aσ, 
b′
σ → bσ, we easily obtain

δE ·
∫

Sε

N∏
i=1

dri |Ψ2D|2 =
∑
σ

[
−π�2

2M
NI(σ)

a · δa−1
σ

+NEσ · δ ln bσ +NI(σ)
a

(
ln

2bσ
ε

− γ

)
· δE

]
,

�

(9)

where

I(σ)
a ≡

∫
dXdR |Aσ (X, R)|2 ,� (10)

Eσ ≡
∫

dXdRA∗
σ (E − T − U)Aσ .� (11)

Using the normalization of the wave function (see appendix A)

∫

Sε

N∏
i=1

dri |Ψ2D|2 = 1 +N
∑
σ

I(σ)
a

(
ln

2bσ

ε
− γ

)
.� (12)

Equation (9) can further be simplified as

δE =
∑
σ

[
−π�2

2M
NI(σ)

a · δa−1
σ +NEσ · δ ln bσ

]
,� (13)

which yields

∂E
∂a−1

σ

= −π�2

2M
NI(σ)

a ,� (14)

∂E
∂ ln bσ

= NEσ .� (15)

3. Tail of the momentum distribution at large k and contacts

In this section, we are going to study the asymptotic behavior of the large momentum distribu-
tion for a spin-polarized Fermi gas. The momentum distribution of the ith fermion is defined 
as

ni (k) ≡
∫ ∏

t �=i

drt

∣∣∣Ψ̃i (k)
∣∣∣
2

,� (16)
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where Ψ̃i (k) ≡
∫

driΨ2De−ik·ri, and then the total momentum distribution is 
n (k) =

∑N
i=1 ni (k). When the pair (i, j) get close but still outside the interaction range, i.e. 

r (∼ 0+) > ε, while all the other fermions are far away, we may again expand the many-body 
wave function Ψ2D (1) at r ≈ 0, and rewrite it as the following ansatz

Ψ2D (X, R, r) =
∑
σ

[
Aσ (X, R)

r
+ Bσ (X, R) r ln r

+Cσ (X, R) r] Ω(σ)
1 (ϕ) + r · L (X, R) +O

(
r3) ,

�

(17)

where Aσ, Bσ , Cσ and L are all regular functions, and the term r · L (X, R) represents the 
coupling between the relative and c.m. motions of the pair (i, j), resulted from the external 
confinement. Comparing equations (6) and (17) at small r, we find

Bσ = −q2

2
Aσ ,� (18)

Cσ =

(
1 − 2γ

4
q2 − π

4aσ
+

q2

2
ln 2bσ

)
Aσ

= −
(

1 − 2γ
2

+ ln 2bσ

)
Bσ − π

4aσ
Aσ ,

�

(19)

and Eσ defined in equation (11) can alternatively be rewritten as

Eσ = −2�2

M

∫
dXdRA∗

σ (X, R)Bσ (X, R) ≡ −2�2

M
I(σ)

b ,� (20)

where

I(σ)
b ≡

∫
dXdRA∗

σ (X, R)Bσ (X, R)� (21)

is obviously real. The asymptotic behavior of the momentum distribution at large k but still 
smaller than ε−1 is determined by that of the wave function at short distance, then we have

Ψ̃i (k) ≈
k→∞

∑
j�=i

e−ik·rj

∫
drΨ2D

(
X, rj +

r
2

, r
)

e−ik·r.� (22)

With the help of the plane-wave expansion

eik·r =
√

2π
∞∑

m=0

∑
σ=±

ηmimJm (kr) e−iσmϕkΩ(σ)
m (ϕ) ,� (23)

where ηm = 1/2 for m  =  0, and ηm = 1 for m � 1, and ϕk is the azimuthal angle of k, we find
∫

dr
Aσ (X, rj + r/2)

r
Ω

(σ)
1 (ϕ) e−ik·r

=− i
√

2πAσ (X, rj)
eiσϕk

k
+

√
π

2
ασ

(
X, rj, k̂

) 1
k2

+ i

√
2π
8

βσ

(
X, rj, k̂

) 1
k3 +O

(
k−4) ,

�

(24)
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where

ασ

(
X, rj, k̂

)
≡ k2∇rjAσ · ∇k

eiσϕk

k
,� (25)

βσ

(
X, rj, k̂

)
≡ k3 (∇rj · ∇k

) [
∇rjAσ · ∇k

eiσϕk

k

]
� (26)

only depend on the direction of k,
∫

drBσ

(
X, rj +

r
2

)
(r ln r) Ω(σ)

1 (ϕ) e−ik·r

= i2
√

2πBσ (X, rj)
eiσϕk

k3 +O
(
k−4) ,

�

(27)

and
∫

drCσ
(

X, rj +
r
2

)
rΩ(σ)

1 (ϕ) e−ik·r = 0.� (28)

In addition, it is obvious that the coupling term r · L (X, rj + r/2) contributes nothing to the 
tail of the momentum distribution at large k. Therefore, inserting equations (24), (27), and (28) 
into (22), and then into equation (16), we find the total momentum distribution n (k) at large 
k takes the form

n (k) ≈ N
∫

dXdR
∑
σσ′

A∗
σ′Aσei(σ−σ′)ϕk · 4π

k2 + ImN
∫

dXdR
∑
σσ′

Aσeiσϕkα∗
σ′ ·

4π
k3

+

[
−16πReN

∫
dXdR

∑
σσ′

A∗
σ′Bσei(σ−σ′)ϕk + πReN

∫
dXdR

∑
σσ′

(
α∗
σ′ασ −Aσeiσϕkβ∗

σ′

)] 1
k4 +O

(
k−5) ,

� (29)
where we have rewritten the integral variable rj as R , and we have also omitted the arguments 
of the functions A, B, ασ, and βσ to simplify the expression. If we are only interested in the 
dependence of the momentum distribution on the amplitude of k, we may integrate over the 
direction of k, and we find all the odd-order terms of k−1 vanish. We obtain (see appendix B)

n (k) ≈
∑

σ C
(σ)
a

k2 +
∑
σ

(
C(σ)

b +Q(σ)
cm

) 1
k4 +O

(
k−6) ,� (30)

where the contacts C(σ)
a  and C(σ)

b  are defined as

C(σ)
a ≡ 8π2NI(σ)

a ,� (31)

C(σ)
b ≡ −32π2NI(σ)

b ,� (32)

and

Q(σ)
cm ≡ 2π2N

∫
dXdR (∇RA∗

σ · ∇RA) .� (33)

Therefore, the adiabatic relations (14) and (15) can alternatively be written as

∂E
∂a−1

σ

= −�2C(σ)
a

16πM
,� (34)

S-G Peng﻿J. Phys. A: Math. Theor. 52 (2019) 245302



8

∂E
∂ ln bσ

=
�2C(σ)

b

16π2M
.� (35)

We find, similarly as the situation in three dimensions [32], the leading-order term of k−2 can 
be fully described by the contact C(σ)

a , while there is an extra term appearing in the subleading-

order term of k−4, i.e. Q(σ)
cm , in addition to the contact C(σ)

b , which results from the c.m. motions 
of the pairs. We can expect that this additional term should result in significant amendments 
to the other universal relations.

4.  Energy theorem

Because of the short-range p -wave interatomic interactions, the momentum distribution gen-
erally decays like k−2 at large k, and subsequently the kinetic energy of the system diverges. 
Unlike that of the s-wave interaction, the subleading-order term of k−4 in the large momentum 
distribution should also result in an additional divergence of the kinetic energy. In addition, 
such divergent behavior in the subleading-order term can be fully captured only when both 

the contact C(σ)
b  defined from adiabatic relation (35) and the extra term Q(σ)

cm  resulted from the 
c.m. motions of the pairs are considered. In this section, we show that all of these divergences 
can be removed, leading to a convergent total internal energy and the p -wave Tan’s energy 
theorem.

In the following, we take only two-body correlations into account, which should be reason-
able at two-body resonances, and all higher-order correlations can be neglected. Therefore, 
in order to avoid the complication of the notations, we first demonstrate the derivation of the 
energy theorem according to a two-body picture, and then present the general energy theo-
rem for a many-body system. Because only the internal energy of the system is considered, 
we are going to omit the external confinement, which is trivial to the energy theorem. The 
Schrödinger equation of two fermions takes the form

EΨ2D =

[
2∑

i=1

(
− �2

2M
∇2

i

)
+ V (r1 − r2)

]
Ψ2D,� (36)

where V (r1 − r2) is the interatomic interaction with a short range ε, out of which we may 
assume V = 0. Multiplying Ψ∗

2D and integrating on both sides of equation  (36) over the 
domain sε, in which r = |r1 − r2| > ε, we obtain

E
∫

sε
dr1dr2 |Ψ2D|2 =

∫

sε
dr1dr2Ψ

∗
2D

2∑
i=1

(
− �2

2M
∇2

i

)
Ψ2D.

�
(37)

On the left-hand side (LHS) of equation (37), we already obtain
∫

sε
dr1dr2 |Ψ2D|2 = 1 +

∑
σ

I(σ)
a

(
ln

2bσ
ε

− γ

)
� (38)

in appendix A. Let us concentrate on the right-hand side (RHS), which may be rewritten as

RHS = I(2)
whole − I(2)

s̄ε ,� (39)
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where

I(2)
whole ≡

∫
dr1dr2Ψ

∗
2D

2∑
i=1

(
− �2

2M
∇2

i

)
Ψ2D,� (40)

I(2)
s̄ε ≡

∫

s̄ε
dr1dr2Ψ

∗
2D

2∑
i=1

(
− �2

2M
∇2

i

)
Ψ2D.� (41)

Here, s̄ε is the complementary set of sε, in which r < ε. If we write the two-body wave func-
tion Ψ2D in the momentum space, i.e.

Ψ2D =
∑

k1

∑
k2

Φ2D (k1, k2) eik1·r1 eik2·r2 ,� (42)

where

Φ2D (k1, k2) ≡
∫

dr1dr2Ψ2De−ik1·r1 e−ik2·r2 ,� (43)

I(2)
whole becomes

I(2)
whole =

∑
k1

∑
k2

2∑
i=1

�2k2
i

2M
|Φ2D|2

=
∑

k

�2k2

2M
n (k) ,

�

(44)

where n (k) is the total momentum distribution of two fermions. If we extend the asymptotic 
form of Ψ2D (1) to the region even inside the interaction range, the momentum distribution 
n (k) decays like k−2 and k−4 as k → ∞, respectively, as shown in equation (30), and then 

I(2)
whole becomes divergent. However, we will see such divergence is exactly removed by I(2)

s̄ε , 
and the RHS of equation (37), i.e. equation (39), converges.

In the following, let us focus on the integral Īsε. Inserting equations  (1) into (41), and 
rewriting the integral in the c.m. frame of two fermions, we obtain

I(2)
s̄ε =

∑
σσ′

[∫
dRA∗

σ′Aσ · I(σσ
′)

1

+

∫
dRA∗

σ′

(
− �2

4M
∇2

R

)
Aσ · I(σσ

′)
2

]
,

�

(45)

where

I(σσ
′)

1 ≡
∫

r<ε

drψ∗
σ′ (r)

(
−�2

M
∇2

r

)
ψσ (r) ,� (46)

I(σσ
′)

2 ≡
∫

r<ε

drψ∗
σ′ (r)ψσ (r) ,� (47)

and we should note that the variable X in the function A drops out automatically for a two-

body system. Let us calculate I(σσ
′)

1  first, and keep in mind that ψσ (r) takes the form of equa-
tion (2), which is the linear combination of J1 (qr) Ω(σ)

1 (ϕ) and N1 (qr) Ω(σ)
1 (ϕ), respectively, 

the regular and irregular solutions of the p -wave Schrödinger equation. Therefore, we have
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∇2
r

[
J1 (qr) Ω(σ)

1 (ϕ)
]
= −q2J1 (qr) Ω(σ)

1 (ϕ) ,� (48)

and then we easily find
∫

r<ε

drψ∗
σ′ (r)

(
−�2

M
∇2

r

)[
J1 (qr) Ω(σ)

1 (ϕ)
]

= δσσ′

(
�2q
4M

)[
(εq)2

+ O (εq)4
]

,
� (49)

which vanishes in the low-energy limit, i.e. εq → 0, and it yields

I(σσ
′)

1 =
π�2q
2M

∫

r<ε

drψ∗
σ′ (r)∇2

r

[
N1 (qr) Ω(σ)

1 (ϕ)
]

.� (50)

As to the irregular solution N1 (qr) Ω(σ)
1 (ϕ), we have (see appendix C)

∇2
r

[
N1 (qr) Ω(σ)

1 (ϕ)
]
=

[
4δ (r)
πqr2 − q2N1 (qr)

]
Ω

(σ)
1 (ϕ) ,� (51)

and then

I(σσ
′)

1 = δσσ′
�2

M

(π
2

q2 cot δσ

)

− π2�2q2

4M

∫

r<ε

drN1 (qr) Ω(σ′)∗
1 (ϕ)∇2

r

[
N1 (qr) Ω(σ)

1 (ϕ)
]

.
� (52)

Apparently, the last term of equation  (52) is divergent, since the Bessel function N1 (qr) 
behaves as

N1 (qr) = − 2
πqr

+
qr
π

(
ln

qr
2

+ γ − 1
2

)
+ O (qr)3

� (53)

at qr ∼ 0. The crucial point of the energy theorem is to discuss such divergence alternatively 
in the momentum space. After straightforward algebra, we show in the appendix D that

π2�2q2

4M

∫

r<ε

drN1 (qr) Ω(σ′)∗
1 (ϕ)∇2

r

[
N1 (qr) Ω(σ)

1 (ϕ)
]

= δσσ′ lim
Λ→∞

[
−�2Λ2

2M
− �2q2

M
ln

Λ

q
− �2q2

M

(
γ + ln

εΛ

2

)
−

∫ ∞

Λ

kdk

(2π)2
�2k2

2M

(
8π2

k2 +
16π2q2

k4

)]
,

� (54)
and then it yields

I(σσ
′)

1 = δσσ′ lim
Λ→∞

[
�2

2M

(
Λ2 − π

aσ

)
+

�2q2

M
ln (Λbσ) +

�2q2

M

(
γ + ln

εΛ

2

)

+

∫ ∞

Λ

kdk

(2π)2
�2k2

2M

(
8π2

k2 +
16π2q2

k4

)]
,

�

(55)

where we have used the effective expansion (7). In the expression of equation (55), we exactly 

separate the divergent part of I(σσ
′)

1  in the momentum space as appearing in the last integral.
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As to the integral I(σσ
′)

2 , i.e. equation (47), we easily find it is also divergent, since the wave 
function ψσ (r) behaves as r−1 at r ∼ 0. Such divergence can also be separated in the momen-
tum space (see appendix D), and yields

I(σσ
′)

2 = δσσ′ lim
Λ→∞

[
γ + ln

εΛ

2
+ 4π2

∫ ∞

Λ

kdk

(2π)2
1
k2

]
.� (56)

Combining equations (45), (55) and (56), we obtain

I(2)
ε̄ = lim

Λ→∞

{∑
σ

�2c(σ)a

16π2M

(
Λ2 − π

aσ

)
+

�2

8π2M

∑
σ

[
c(σ)b

2
ln (Λbσ) +

(
c(σ)b

2
+ Q(σ)

cm

)(
ln

εΛ

2
+ γ

)]

+

∫ ∞

Λ

kdk

(2π)2
�2k2

2M



∑

σ c(σ)a

k2 +

∑
σ

(
c(σ)b + Q(σ)

cm

)

k4





 ,

� (57)

where we have defined the corresponding two-body quantities c(σ)a ≡ 8π2I(σ)
a , c(σ)b ≡  

−32π2I(σ)
b , and Q(σ)

cm ≡ 2π2
∫

dR (∇RA∗
σ · ∇RAσ). We can see that the divergent integral of 

I(2)
ε̄  exactly compensates that of I(2)

whole, and then the RHS of equation (37), i.e. I(2)
whole − I(2)

s̄ε  
converges.

The above procedure can easily be generalized to the many-body system of N spin-polar-

ized fermions. The divergence of the corresponding integral I(N)
whole arises when any two of 

fermions get close. Since there are totally N = N (N − 1) /2 ways to pair atoms, we obtain 

I(N)

S̄ε
= N I(2)

s̄ε , where the domain S̄ε is the set of all configurations (ri, rj), in which |ri − rj| < ε. 

Finally, after redefining the constant N  into the contacts, the energy theorem for a many-body 
system can be rearranged as

E

[
1 +

∑
σ

C(σ)
a

8π2

(
ln

2bσ

ε
− γ

)]
= lim

Λ→∞





∑
|k|<Λ

�2k2

2M
n (k)− �2

16π2M

∑
σ

C(σ)
a

(
Λ2 − π

aσ

)

− �2

8π2M

∑
σ

[
C(σ)

b

2
ln (Λbσ) +

(
C(σ)

b

2
+Q(σ)

cm

)(
ln

εΛ

2
+ γ

)]}
,

�

(58)

where γ  is the Euler’s constant. Here, we should note that unlike the s-wave case, the range 
ε of the p -wave interaction appears in the energy theorem. This feature results from the non-
normalizability of the higher-partial wave functions, and the short-range physics becomes 
important, which has already been pointed out in [31] for the three-dimensional (3D) systems. 
The parameter Λ in the expression of the limit characterizes the cut-off of the momentum k , 
and it screens off the details of interatomic interactions from the outside. Therefore, the order 
of Λ should physically be larger than the inverse of the interaction range ε.

5. The high-frequency tail of the RF spectroscopy

In the RF experiments, the fermions can be driven from the initially occupied spin state |g〉 
to an empty spin state |e〉, when the external RF field is tuned near the transition frequency 
between the states |g〉 and |e〉. The universal scaling behavior at high frequency of the RF 
response of the system is governed by contacts [6, 9, 30, 33, 37]. In this section, we are going 
to show how the contacts defined by the adiabatic relations characterize such high-frequency 
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scalings of the RF spectroscopy of a spin-polarized Fermi gas in two dimensions. Let us again 
start from a two-body picture, and consider two fermions in the same spin state, which may 
simplify the presentation as much as possible. The RF field is described in the momentum 
space by

Hrf = γrf

∑
k

(
e−iωtc†ekck + eiωtc†kcek

)
,� (59)

where γrf  is the strength of the RF drive, ω  is the RF, and c†ek and c†k are respectively the cre-
ation operators for fermions with the momentum k in the spin states |e〉 and |g〉. The initial 
two-body state before the RF transition can be written as

|Ψi〉 =
1√
2

∑
k1k2

Ψ̃2D (k1, k2) c†k1
c†k2

|0〉 ,� (60)

where Ψ̃2D (k1, k2) is the Fourier transform of the two-body wave function (1) (the variable X 
drops out in the two-body picture), i.e.

Ψ̃2D (k1, k2) =

∫
dr1dr2Ψ2D (r1, r2) e−ik1·r1 e−ik2·r2 .� (61)

Acting equations (59) onto (60), we easily obtain the final state after the RF transition,

|Ψf 〉 =
γrfe−iωt
√

2

∑
k1k2

Ψ̃2D (k1, k2)
(

c†ek1
c†k2

− c†ek2
c†k1

)
|0〉 .� (62)

The physical meaning of equation  (62) is quite apparent: after the RF transition, there are 
two possible final states that one of the two fermions is driven from the initial spin state 
|g〉 to the final spin state |e〉 with either momentum k1 or k2, and the probabilities are both 

γ2
rf

∣∣∣Ψ̃2D (k1, k2)
∣∣∣
2
/2. According to the Fermi’s golden rule [30], and taking these two final 

states into account, the two-body RF transition rate takes the form

Γ2 (ω) =
πγ2

rf

�
∑
k1k2

∣∣∣Ψ̃2D (k1, k2)
∣∣∣
2
δ (�ω −∆E) ,

�
(63)

where ∆E is the energy difference between the final and initial states. If the final spin state 
|e〉 has an ignorable interaction with the initial spin state |g〉, the final-state energy becomes

Ef =
�2K2

4M
+

�2k2

M
+ �ωe + �ωg,� (64)

where K = k1 + k2, k = (k1 − k2) /2, and ωe and ωg are the bare hyperfine frequencies of 
the final and initial spin states, respectively. The energy of the initial state with two fermions 
in the spin state |g〉 is

Ei =
�2K2

4M
+

�2q2

M
+ 2�ωg,� (65)

and �2q2/M  is the relative energy of two fermions in the spin state |g〉. Therefore, we have

∆E ≈ �2k2

M
+ � (ωe − ωg)−

�2q2

M
,� (66)
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then we obtain

Γ2 (ω) =
πγ2

rf

�
∑
k1k2

∣∣∣Ψ̃2D (k1, k2)
∣∣∣
2
δ

(
�ω +

�2
(
q2 − k2

)
M

)
,� (67)

where we set the bare hyperfine splitting ωe − ωg = 0 without loss of generality. Furthermore, 
if inserting equations (61) into (67), we may rewrite the RF transition rate as

Γ2 (ω) =
πγ2

rf

�
∑

k

n′ (k) δ

(
�ω +

�2
(
q2 − k2

)
M

)
,� (68)

where

n′ (k) ≡
∫

dR
∣∣∣∣
∫

drΨ2De−ik·r
∣∣∣∣
2

,� (69)

and recall R = (r1 + r2) /2 and r = r1 − r2 . Comparing equation (69) with the definition of 
the single-particle momentum distribution, i.e. equation (16), or specifically, for a two-body 
system

n1 (k) =
∫

dr2

∣∣∣∣
∫

dr1Ψ2De−ik·r1

∣∣∣∣
2

,� (70)

we find n′ (k) is not exactly the single-particle momentum distribution of the system: n′ (k) 
should have the same leading-order behavior as that of n1(k) at large k, but different sub-
leading-order behavior, in which the c.m. contribution is excluded. As we can see from equa-
tion (68), the high-frequency behavior of the RF transition rate is determined by n′ (k) at large 
k but still smaller than ε−1, due to the delta function. Here, we should carefully deal with the 
relative energy �2q2/M  in the low-energy limit, since the subleading-order behavior becomes 
important. Simply using the Fourier transform of the relative wave function of two fermions 
at small r, we easily obtain the form of n′ (k) at large k, and then the two-body RF transition 
rate Γ2 (ω) becomes

Γ2 (ω) ≈
Mγ2

rf

16π�3

[∑
σ c(σ)a

Mω/�
+

∑
σ c(σ)b

2 (Mω/�)2

]
� (71)

at large ω  but smaller than �/Mε2, and again c(σ)a , c(σ)b  are the two-body contacts.
For the many-body systems, all possible N  pairs may contribute to the high-frequency tail 

of the RF spectroscopy, when the two fermions in them get close, while all the other fermi-
ons are far away. Therefore, we can follow the above two-body route, and easily obtain the 
asymptotic behavior of the RF response of the many-body system at large ω , after redefining 
the constant N  into the contacts, i.e.

Γ (ω) ≈ Mγ2
rf

16π�3

[∑
σ C

(σ)
a

Mω/�
+

∑
σ C

(σ)
b

2 (Mω/�)2

]
,� (72)

where C(σ)
a  and C(σ)

b  are corresponding many-body contacts, and Γ (ω) should obey the sum 
rule 

∫
dωΓ (ω) = πγ2

rfN/�2 [37].
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6.  Pair correlation function at short distances

The pair correlation function g2 (s, t) gives the probability of finding two fermions at positions 
s and t simultaneously, i.e. g2 (s, t) ≡ 〈ρ̂ (s) ρ̂ (t)〉, where ρ̂ (s) =

∑
i δ (s − ri) is the density 

operator at the position s. For a pure many-body state |Ψ2D〉 of N fermions, we have

g2 (s, t) =
∫

dr1dr2 · · · drN 〈Ψ2D| ρ̂ (s) ρ̂ (t) |Ψ2D〉

= N (N − 1)
∫

dX |Ψ2D (X, R, r)|2 ,
�

(73)

where R = (s + t) /2, r = s − t , and X denotes all the degrees of freedom of the fermions 
except the ones at s and t. Further more, we may also integrate over the c.m. coordinate R , 
and define the spatially integrated pair correlation function as

G2 (r) ≡
∫

dRg2

(
R +

r
2

, R − r
2

)
.� (74)

Using the asymptotic form the many-body wave function at short distance, i.e. equation (1), 
we easily obtain

G2 (r) ≈ N (N − 1)
∑
σσ′

∫
dXdRA∗

σ′Aσ

[
1
r2 − q2

2

(
ln

r
2bσ′

+ ln
r

2bσ

)]
Ω∗

σ′ (ϕ) Ωσ (ϕ) .
�

(75)

If we are only interested in the dependence of G2 (r) on r = |r|, we may integrate G2 (r) over 
the direction of r, and obtain

G2 (r) ≈ N (N − 1)
∑
σ

(
I(σ)

a

r2 + 2I(σ)
b ln

r
2bσ

)

=
1

4π2

∑
σ

(
C(σ)

a

r2 −
C(σ)

b

2
ln

r
2bσ

)
.

�

(76)

We can see that the short-distance behavior of the pair correlation function of a spin-polarized 
Fermi gas is also completely captured by the p -wave contacts C(σ)

a  and C(σ)
b .

7.  Generalized virial theorem and pressure relation

Let us consider a spin-polarized Fermi gas trapped in the harmonic potential V , then the 
Helmholtz free energy F should be the function of the temperature T, the trap frequency ω , 
the atom number N, and the interatomic p -wave interaction strength characterized by the 2D 
scattering area aσ as well as the effective range bσ, i.e. F (T ,ω, aσ , bσ , N). The generalized 
virial theorem can be obtained according to the dimensional analysis [7, 8, 38]. Using �ω as 
the unit of the energy, the Helmholtz free energy may be written as

F (T ,ω, aσ , bσ , N) = �ωf
(

kBT
�ω

,
�2/Maσ

�ω
,
�2/Mb2

σ

�ω
, N

)
,� (77)

where the function f  is just a dimensionless function, and kB is the Boltzmann constant. Then 
the free energy F should have the following scaling property,
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F
(
λT ,λω,λ−1aσ ,λ−1/2bσ , N

)
= λF (T ,ω, aσ , bσ , N) .� (78)

Taking the derivative with respect to λ on both sides of equation (78), and then setting λ = 1, 
we obtain

(
T

∂

∂T
+ ω

∂

∂ω
− aσ

∂

∂aσ
− bσ

2
∂

∂bσ

)
F = F.� (79)

Since the Helmholtz free energy is just the Legendre transform of the energy, its partial 
derivatives at constant T with respect to ω , aσ, and bσ are equal to those of the energy at 
the associated value of the entropy S. Combining the adiabatic relations (34) and (35), and 
dF = dE − SdT , we easily obtain

E = 2 〈V〉 − �2C(σ)
a

16πMaσ
−

�2C(σ)
b

32π2M
.� (80)

The pressure relation can be derived following the similar route. Let us consider the free 
energy density F , which has the dimension of (energy)2 up to the factors � and M. Assuming 
κ is an arbitrary quantity with dimension of (energy)1, the free energy density can be written 
as

F (T , aσ , bσ , n) =
Mκ2

�2 f
(

kBT
κ

,
�2/Maσ

κ
,
�2/Mb2

σ

κ
,
�2n/M

κ

)
,� (81)

where n is the atom density. Then we have

F
(
λT ,λ−1aσ ,λ−1/2bσ ,λn

)
= λ2F (T , aσ , bσ , n) ,� (82)

which similarly yields
(

T
∂

∂T
− aσ

∂

∂aσ
− bσ

2
∂

∂bσ
+ n

∂

∂n

)
F = 2F .� (83)

Combining P = −F + nµ, where µ is the chemical potential, and the adiabatic relations, we 
finally obtain the pressure relation

P = ε+
�2C(σ)

a

16πMaσ
+

�2C(σ)
b

32π2M
,� (84)

where ε is the energy density of the system.

8.  Conclusions

To conclude, we have systematically studied the full set of universal relations of a 2D spin-
polarized Fermi gas with p -wave interactions. If the p -wave contacts are defined according 
to the adiabatic relations, we find that the universal relations of the system, such as the high-
frequency tail of the RF response, short-distance behavior of the pair correlation function, 
generalized virial theorem, and pressure relation are fully captured by the contacts we define. 
As we anticipate, an extra term resulted from the center-of-mass motions of the pairs appears 
in the subleading tail (k−4) of the large momentum distribution besides the contact related to 
the effective range, similar to what happens in a 3D p -wave Fermi gas. Furthermore, such an 
extra term results in an additional divergence for the energy theorem, which should carefully 
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be handled with. We show that all the divergences of the kinetic energy are exactly com-
pensated by the interatomic interaction energy, and the total internal energy of the system 
converges. Our results could easily be generalized for higher-partial-wave scatterings. The 
predicted universal relations could readily be confirmed in current cold-atom experiments 
with spin-polarized Fermi gases of 40K and 6Li atoms.
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Appendix A. The normalization of the wave function

In this appendix, we are going to discuss the normalization of the many-body wave function 

Ψ2D in two dimension, and calculate 
∫
Sε

∏N
i=1 dri |Ψ2D|2. The similar normalization has been 

discussed for a 3D system (see appendix A of [32]), and such normalization is related to the 
probability of finding two fermions inside the interaction range ε. Let us consider N spin-
polarized fermions, and when any two of them interact with each other, for example, fermions 
i and j , all the others are far away. For two different relative energies of the pair (i, j), i.e. E 
and E ′, due to the orthogonality of the wave function, we have 

∫
dXdRdrΨ′∗

2DΨ2D = 0. Then 
from the Schrödinger equations satisfied by Ψ′

2D and Ψ2D, we find the probability of finding 
the pair (i, j) inside the interaction range ε should be
∫

r<ε

dXdRdr |Ψ2D|2 = − lim
E′→E

∫

r>ε

dXdRdrΨ′∗
2DΨ2D

= − lim
E′→E

�2/M
E − E ′

∫

r=ε

dXdRdr
(
Ψ′∗

2D
∂

∂r
Ψ2D −Ψ2D

∂

∂r
Ψ′∗

2D

)

= − lim
E′→E

∑
σσ′

∫
dXdRA′∗

σ′Aσ · �2/M
E − E ′

∫ 2π

0
εdϕ

(
ψ′∗
σ′

∂

∂r
ψσ − ψσ

∂

∂r
ψ′∗
σ′

)

= −
∑
σ

I(σ)
a

[
−
(
γ + ln

ε

2

)
+

∂

∂q2

(π
2

q2 cot δσ − q2 ln q
)]

= −
∑
σ

I(σ)
a

(
ln

2bσ

ε
− γ

)
,

�

(A.1)

where we have used the effective-range expansion of the scattering phase shift (7), q2 = ME/�2, 
and γ  is the Euler’s constant. We can see that the bound for the effective range bσ exists, i.e. 
bσ < εeγ/2, in order to guarantee the positive probability of finding two atoms inside the 
interaction range. This is an alternative expression of the Wigner’s bound on the effective 
range for the p -wave interaction in two dimensions [32, 39–41]. Then the total probability of 
finding any pair of fermions inside the interaction range is
∫

S̄ε

N∏
i=1

dri |Ψ2D|2 =
N (N − 1)

2

∫

r<ε

dXdRdr |Ψ2D|2 = −N
∑
σ

I(σ)
a

(
ln

2bσ

ε
− γ

)
,� (A.2)
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where I(σ)
a  is defined in equation (10), and S̄ε is the set of all configurations that there is only 

one pair inside the interaction range. Consequently, we obtain

∫

Sε

N∏
i=1

dri |Ψ2D|2 = 1 +N
∑
σ

I(σ)
a

(
ln

2bσ

ε
− γ

)
.� (A.3)

Appendix B.  Derivation details of the momentum distribution

In this part of the appendix, we present the calculation details in the derivation from equa-
tions (29) to (30). The integral over the direction of k for the leading-order term, i.e. ∼ k−2, 

can easily be obtained, and the coefficient takes the simple form of 
∑

σ 8π2NI(σ)
a , which then 

we define as 
∑

σ C
(σ)
a . For the k−3-order term, we find

τ3 ≡ ImN
∫

dXdR
∑
σσ′

Aσeiσϕkα∗
σ′ ·

4π
k3

= −4πN Im
∫

dXdR
∑
σσ′

Aσ

[(
∇RA∗

σ′ · k̂
)
+ iσ′ (∇RA∗

σ′ · ϕ̂k)
]
· ei(σ−σ′)ϕk

k3 ,
�

(B.1)

where k̂, ϕ̂k are respectively the unit vectors of the radial and azimuthal directions of 

k. Obviously, τ3 is simply the linear combination of ei(σ−σ′)ϕk sinϕk and ei(σ−σ′)ϕk cosϕk, 
which automatically vanishes if integrating over ϕk.

Let us look at the k−4-order term, which includes two terms. The first term becomes 
−32π2 ∑

σ NI(σ)
b /k4 if integrating over ϕk, and then we define as 

∑
σ C

(σ)
b /k4. As to the 

second term, we rewrite it as

χ = πN
∫

dXdR
∑
σσ′

[∇RA∗
σ′ · ∇kf ∗σ′ ] [∇RAσ · ∇kfσ]

− π

2
N

∫
dXdR

∑
σσ′

{A∗
σ′ f ∗σ′ (∇R · ∇k) [∇RAσ · ∇kfσ] +Aσfσ (∇R · ∇k) [∇RA∗

σ′ · ∇kf ∗σ′ ]} ,

� (B.2)
where we have defined fσ (k) ≡ eiσϕk/k . Since the function Aσ is regular and should either 
decay to zero at infinity or satisfy a periodic boundary condition in a box [4], after partially 
integrating, χ becomes

χ = πN
∫

dXdR
∑
σσ′

[∇RA∗
σ′ · ∇kf ∗σ′ ] [∇RAσ · ∇kfσ]

+
π

2
N

∫
dXdR

∑
σσ′

{ f ∗σ′ (∇RA∗
σ′ · ∇k) [∇RAσ · ∇kfσ] + fσ (∇RAσ · ∇k) [∇RA∗

σ′ · ∇kf ∗σ′ ]}

=
π

2
N

∫
dXdR

∑
σσ′

∑
ij

∂A∗
σ′

∂Ri

∂Aσ

∂Rj

(
2
∂f ∗σ′

∂ki

∂fσ
∂kj

+ f ∗σ′
∂2fσ
∂ki∂kj

+ fσ
∂2f ∗σ′

∂kj∂ki

)

=
π

2
N

∫
dXdR

∑
σσ′

∑
ij

∂A∗
σ′

∂Ri

∂Aσ

∂Rj

[
∂

∂ki

(
f ∗σ′

∂fσ
∂kj

)
+

∂

∂kj

(
fσ
∂f ∗σ′

∂ki

)]
,

�

(B.3)
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where the indices i, j denote {x, y, z}. Inserting

fσ (k) =
eiσϕk

k
=

kx + iσky

k2 ,� (B.4)

into equation  (B.3), and integrating over ϕk by using kx = k cosϕk and ky = k sinϕk, we 
arrive at

χ =
2π2

k4 N
∫

dXdR
∑
σ

(
∂A∗

σ

∂Rx

∂Aσ

∂Rx
− iσ

∂A∗
σ

∂Rx

∂Aσ

∂Ry
+ iσ

∂A∗
σ

∂Ry

∂Aσ

∂Rx
+

∂A∗
σ

∂Ry

∂Aσ

∂Ry

)

= 2π2
∑
σ

N
∫

dXdR (∇RA∗
σ · ∇RAσ) ·

1
k4 ,

� (B.5)

where we have used
∫

dR
(
∂A∗

σ

∂Rx

∂Aσ

∂Ry
− ∂A∗

σ

∂Ry

∂Aσ

∂Rx

)
= 0.� (B.6)

Appendix C.  Calculation of ∇2
r

[
Nm (qr) Ω(σ)

m (ϕ)
]

The Bessel function of the second kind Nm (x) takes the following series power form at small 
x [42],

Nm (x) = − 1
π

m−1∑
s=0

(m − s − 1)!
s!

( x
2

)2s−m
+

2
π
ln
( x

2

)
Jm (x)− 1

π

∞∑
s=0

(−)
s ψ (s) + ψ (s + m + 1)

s! (s + m)!

( x
2

)2s+m
,

� (C.1)
where Jm (x) is the Bessel function of the first kind, and ψ (·) is the digamma function. Using 
the form of ∇2

r in the polar coordinate, we find

∇2
r

[
Nm (qr) Ω(σ)

m (ϕ)
]
=

[(
1
r
∂

∂r
r
∂

∂r
− m2

r2

)
Nm (qr)

]
Ω(σ)

m (ϕ) .� (C.2)

For m � 1, we may separate the most singular term of Nm (x) at small x, i.e. −2m (m − 1)!/πxm, 
and find

(
1
x
∂

∂x
x
∂

∂x
− m2

x2

)[
Nm (x) +

2m

π
· (m − 1)!

xm

]
= −Nm (x) .� (C.3)

Subsequently, we obtain

∇2
r

[
Nm (qr) Ω(σ)

m (ϕ)
]
=

{(
1
r
∂

∂r
r
∂

∂r
− m2

r2

)[
−2m

π
· (m − 1)!

(qr)m

]
− q2Nm (qr)

}
Ω(σ)

m (ϕ) .� (C.4)

Using [27, 43]

d
dr

1
rm = − m

rm+1 +
(−)

m

m!
δ(m) (r) ,� (C.5)

where δ(m) (r) is the nth derivative of the Dirac delta function δ (r), and δ(m) (r) =  
(−) mm!δ (r) /rm, we obtain

(
1
r
∂

∂r
r
∂

∂r
− m2

r2

)(
1
rm

)
= − 2m

rm+1 δ (r) ,� (C.6)
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and then

∇2
r

[
Nm (qr) Ω(σ)

m (ϕ)
]
=

[
2m+1

π
· m!

qm

δ (r)
rm+1 − q2Nm (qr)

]
Ω(σ)

m (ϕ) ,� (C.7)

which finally yields equation (51).

Appendix D.  Calculation details of equations (54) and (56)

In this part of the appendix, we present the calculation details of the derivations of equa-
tions (54) and (56). Let us look at equation (54) first. Using the identity (51), we easily find

π2�2q2

4M

∫

r<ε

drN1 (qr) Ω(σ′)∗
1 (ϕ)∇2

r

[
N1 (qr) Ω(σ)

1 (ϕ)
]

=
π�2q

M

∫

r<ε

dr
[
N1 (qr) Ω(σ′)∗

1 (ϕ)
] [δ (r)

r2 Ω
(σ)
1 (ϕ)

]
− π2�2q4

4M∫

r<ε

dr
[
N1 (qr) Ω(σ′)∗

1 (ϕ)
] [

N1 (qr) Ω(σ)
1 (ϕ)

]
.

�

(D.1)

Obviously, the two integrals of equation (D.1) are both divergent. Since we know

N1 (qr) = − 2
πqr

+
qr
π

(
ln

qr
2

+ γ − 1
2

)
+ O (qr)3

� (D.2)

at qr ∼ 0, the first integral of equation (D.1) becomes

π�2q
M

∫

r<ε

dr
[
N1 (qr) Ω(σ′)∗

1 (ϕ)
] [δ (r)

r2 Ω
(σ)
1 (ϕ)

]

= −2�2

M

∫

r<ε

dr
Ω

(σ′)∗
1 (ϕ)

r

[
δ (r)

r2 Ω
(σ)
1 (ϕ)

]
+

�2q2

M

∫

r<ε

dr
[
r ln

qr
2
Ω

(σ′)∗
1 (ϕ)

]

[
δ (r)

r2 Ω
(σ)
1 (ϕ)

]
+ δσσ′

�2q2

2M
(2γ − 1) .

�

(D.3)

Using the Fourier transform of δ(r)
r2 Ω

(σ)
1 (ϕ), i.e.

F
[
δ (r)

r2 Ω
(σ)
1 (ϕ)

]
= −i

√
2πeiσϕk

k
2

,� (D.4)

we obtain

−2�2

M

∫

r<ε

dr
Ω

(σ′)∗
1 (ϕ)

r

[
δ (r)

r2 Ω
(σ)
1 (ϕ)

]
= −δσσ′

4π2�2

M

∫
kdk

(2π)2 [1 − J0 (kε)]

= −δσσ′
4π2�2

M

∫
kdk

(2π)2

= −δσσ′
4π2�2

M
lim

Λ→∞

[∫ Λ

0

kdk

(2π)2 +

∫ ∞

Λ

kdk

(2π)2

]

= δσσ′ lim
Λ→∞

[
−�2Λ2

2M
− 8π2

∫ ∞

Λ

kdk

(2π)2
�2k2

2M
1
k2

]
.

� (D.5)
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Similarly,

�2q2

M

∫

r<ε

dr
[
r ln

qr
2
Ω

(σ′)∗
1 (ϕ)

] [δ (r)
r2 Ω

(σ)
1 (ϕ)

]
= δσσ′

2π2�2q2

M

∫
kdk

(2π)2

−2 [1 − J0 (kε)] + kεJ1 (kε) + [2J1 (kε)− kεJ0 (kε)] kε ln εq
2

k2 .
� (D.6)

Since

2π2�2q2

M

∫
kdk

(2π)2
−2 [1 − J0 (kε)]

k2

=
2π2�2q2

M
lim

Λ→∞

[∫ Λ

0

kdk

(2π)2
−2 + 2J0 (kε)

k2 +

∫ ∞

Λ

kdk

(2π)2
−2 + 2J0 (kε)

k2

]

= lim
Λ→∞

[
−�2q2

M

(
γ + ln

εΛ

2

)
− 8π2q2

∫ ∞

Λ

kdk

(2π)2
�2k2

2M
1
k4

]
,

�

(D.7)

and

2π2�2q2

M

∫
kdk

(2π)2

kεJ1 (kε) + [2J1 (kε)− kεJ0 (kε)] kε ln qε
2

k2 =
�2q2

M

(
1
2
+ ln

εq
2

)
,� (D.8)

we find

�2q2

M

∫

r<ε

dr
[
r ln

qr
2
Ω

(σ′)∗
1 (ϕ)

] [δ (r)
r2 Ω

(σ)
1 (ϕ)

]

= δσσ′ lim
Λ→∞

[
−�2q2

2M
(2γ − 1)− �2q2

M
ln

Λ

q
− 8π2q2

∫ ∞

Λ

kdk

(2π)2
�2k2

2M
1
k4

]
,

�

(D.9)

and then

π�2q
M

∫

r<ε

dr
[
N1 (qr) Ω(σ′)∗

1 (ϕ)
] [δ (r)

r2 Ω
(σ)
1 (ϕ)

]

= δσσ′ lim
Λ→∞

[
−�2Λ2

2M
− �2q2

M
ln

Λ

q
−

∫ ∞

Λ

kdk

(2π)2
�2k2

2M

(
8π2

k2 +
8π2q2

k4

)]
.

� (D.10)

As to the second term of equation (D.1), we have

− π2�2q4

4M

∫

r<ε

dr
[
N1 (qr) Ω(σ′)∗

1 (ϕ)
] [

N1 (qr) Ω(σ)
1 (ϕ)

]

= −�2q2

M

[∫

r<ε

dr
Ω

(σ′)∗
1 (ϕ)

r
Ω

(σ)
1 (ϕ)

r
+ O (εq)2

]
.

�

(D.11)

Using the Fourier transform of Ω(σ)
1 (ϕ) /r, i.e.

F

[
Ω

(σ)
1 (ϕ)

r

]
= −i

√
2π

eiσϕk

k
,� (D.12)
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we obtain

− π2�2q4

4M

∫

r<ε

dr
[
N1 (qr) Ω(σ′)∗

1 (ϕ)
] [

N1 (qr) Ω(σ)
1 (ϕ)

]

= −δσσ′
4π2�2q2

M

∫
kdk

(2π)2
1 − J0 (kε)

k2

= −δσσ′
4π2�2q2

M
lim

Λ→∞

[∫ Λ

0

kdk

(2π)2
1 − J0 (kε)

k2 +

∫ ∞

Λ

kdk

(2π)2
1 − J0 (kε)

k2

]

= δσσ′ lim
Λ→∞

[
−�2q2

M

(
γ + ln

εΛ

2

)
−

∫ ∞

Λ

kdk

(2π)2
�2k2

2M
8π2q2

k4

]

�

(D.13)

in the limit εq → 0. Combining equations (D.10) and (D.13), we finally obtain equation (54) 
in the maintext, i.e.

π2�2q2

4M

∫

r<ε

drN1 (qr) Ω(σ′)∗
1 (ϕ)∇2

r

[
N1 (qr) Ω(σ)

1 (ϕ)
]

= δσσ′ lim
Λ→∞

[
−�2Λ2

2M
− �2q2

M
ln

Λ

q

−�2q2

M

(
γ + ln

εΛ

2

)
−
∫ ∞

Λ

kdk

(2π)2
�2k2

2M

(
8π2

k2 +
16π2q2

k4

)]
.

�

(D.14)

In the follows, let us look at equation (56). It is easily found

I(σσ
′)

2 =

∫

r<ε

dr
Ω

(σ′)∗
1 (ϕ)

r
Ω

(σ)
1 (ϕ)

r
+ O (εq)2 .� (D.15)

Using the Fourier transform of Ω(σ)
1 (ϕ) /r, i.e. equation (D.12), we have

I(σσ
′)

2 = δσσ′4π2
∫

kdk

(2π)2
1 − J0 (kε)

k2� (D.16)

in the limit εq → 0, and then I(σσ
′)

2  can alternatively be written as

I(σσ
′)

2 = δσσ′ lim
Λ→∞

[
4π2

∫ Λ

0

kdk

(2π)2
1 − J0 (kε)

k2 + 4π2
∫ ∞

Λ

kdk

(2π)2
1 − J0 (kε)

k2

]

= δσσ′ lim
Λ→∞

[
γ + ln

εΛ

2
+ 4π2

∫ ∞

Λ

kdk

(2π)2
1
k2

]
,

�

(D.17)

where we have used

lim
Λ→∞

∫ ∞

Λ

kdk

(2π)2
J0 (kε)

k2 = 0.� (D18)
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