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Abstract

We derive the full set of universal relations for spin-polarized Fermi gases
with p-wave interaction in two dimensions, simply using the short-range
asymptotic behavior of fermion-pair wave functions. For p-wave interactions,
an additional contact related to the effective range needs to be introduced,
besides the one related to the scattering volume. Since the subleading tail
(k=*) of the large-momentum distribution cannot fully be captured by the
contacts defined by the adiabatic relations, an extra term resulted from the
center-of-mass motions of the pairs gives rise to an additional divergence in
the kinetic energy of the system, besides those related to the contacts defined.
We show in Tan’s energy theorem that if only two-body correlations are taken
into account, all these divergences are reasonably removed, leading to a finite
internal energy of the system. In addition, we find that all the other universal
relations, such as the high-frequency behavior of the radio-frequency
response, short-range behavior of the pair correlation function, generalized
virial theorem, and pressure relation, remain unaffected by the center-of-
mass motions of the pairs, and are fully governed by the contacts defined
by the adiabatic relations. Our results confirm the feasibility of generalizing
the contact theory for higher-partial-wave scatterings, and could readily be
confirmed in current experiments with ultracold *°K and °Li atoms.

Keywords: Fermi gases, Tan’s contact theory, p-wave interactions

1. Introduction

In the past decades, ultracold Fermi gases with short-range interactions have attracted a great
deal of interest due to their unique properties [1, 2]. Especially, near scattering resonances,
where the scattering length a is much larger than all the other length scales, such systems
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manifest universality: the many-body properties at long distance are primarily determined by
a, and become irrelevant to the specific form of the short-range interatomic interactions [3].
For strongly interacting two-component Fermi gases with s-wave interactions, a set of univer-
sal relations that follow from the short-range behavior of the simple two-body physics were
derived by Shina Tan, governing the key properties of many-body systems [4]. Afterwards,
more universal relations were obtained [5]. All these relations are characterized by the only
universal quantity named contact, and then the concept of contact becomes significantly
important in ultracold atoms both theoretically and experimentally [6—17].

However, for higher partial waves, Tan’s universal relations should be amended, since the
short-distance behavior of interatomic interactions cannot simply be characterized by a single
scattering parameter. More microscopic parameters need to be involved besides the scattering
length (or scattering volume, or some quantity like that), such as the effective range, which
may result in non-trivial corrections. As the simplest case of higher partial wave scatterings,
the p-wave many-body systems have attracted both experimental and theoretical attention
[18-29]. Considering the finite-range effect, more contacts are needed when generalizing the
s-wave contact theory to the p-wave case [30-33]. It is found that if one tries to define the
contacts according to the adiabatic relations, the subleading tail of the large-momentum dis-
tribution cannot fully be captured, and an extra term appears, due to the center-of- mass (c.m.)
motions of Cooper pairs [32]. This is a general feature of strongly interacting Fermi gases
near p-wave resonances. Very recently, the p-wave contacts defined by the adiabatic relations
for a two-dimensional (2D) Fermi gas are discussed in [35], and even the three-body contact
is introduced in [36] when taking the super Efimov effect into account. However, the full set
of universal relations still lack justification, such as the energy theorem, the short-distance
behavior of the pair correlation function, and so on.

In this paper, we systematically study the full set of the p-wave universal relations, choos-
ing the 2D spin-polarized Fermi gas as the model system. We present a derivation of the
universal relations following the route of Tan’s original work about the s-wave case, in which
only two-body correlations are taken into account [4]. Among these universal relations for
p-wave interactions, the energy theorem is of particular interest, since it is directly related to
the feasibility of the contact interaction. For s-wave interactions, the kinetic and interaction
energies are both ultraviolet divergent in the zero-range limit, but these divergences cancel
with each other when they add up. The resulting internal energy of the system remains physi-
cally finite, which can be expressed using Tan’s energy theorem, involving only the momen-
tum distribution and the contact. Here, we show that the internal energy as a functional of the
momentum distribution still exists for a spin-polarized Fermi gas near p-wave resonances in
two dimensions, and thereby establish Tan’s energy theorem for p-wave interactions. The
derivation of the p-wave energy theorem is nontrivial. Unlike the s-wave case, the many-body
wave function of a p-wave system may not be well normalized in the zero-range limit. It actu-
ally diverges logarithmically as the interaction range vanishes. Starting from the short-range
behavior of the many-body wave function, we define the p-wave contacts according to the adi-
abatic relations, and then verify the behavior of the momentum distribution at large k [35]. We
find that both the leading (k~2) and subleading (k~*) tails give rise to the ultraviolet divergence
for the kinetic energy. While the subleading tail cannot fully be described by the contacts
defined by the adiabatic relations, an additional divergence for the kinetic energy arises due to
the c.m. motions of the pairs, besides those related to the contacts. Here, we demonstrate that
all these divergences can reasonably be removed, leading to a well-defined internal energy of
the system.
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The high-frequency tail of the radio-frequency (RF) response of the system is also gov-
erned by the contacts, and is experimentally used as a way of measuring the contacts. It links
to the momentum distribution n (k) as Yy n (k) § (hw — h?k* /M), as the RF w — 00, a result
first derived by Schneider and Randeria according to the properties of the spectral function
[9]. Here 7 is the Planck’s constant and M is the atomic mass. At first glance, the c.m. contrib-
ution of the pairs in the subleading k~* tail of the momentum distribution 7 (k) should be
involved in the asymptotic behavior of the RF response at high frequencies. However, after
a rigorous calculation according to the Fermi’s golden rule, we find that the high-frequency
tail of the RF response is determined by ), n’ (k)0 (fw — AE), where AE is the energy
difference between the final state after the RF transition and the initial state, and n’ (k) is not
exactly the momentum distribution of the system (see equation (69)). n’ (k) has the same lead-
ing behavior as that of the momentum distribution 7 (k), but different subleading behavior, in
which the c.m. contribution is excluded. After carefully dealing with this, we finally discover
that the high-frequency tail of the RF response is fully described by the contacts defined by
the adiabatic relations.

In addition, we also obtain the short-distance behavior of the pair correlation function,
which is determined merely by the short-range behavior of the relative motions of the pairs.
Naturally, it is fully captured by the contacts we defined. Finally, we derive the generalized
virial theorem as well as the pressure relation. These thermodynamic relations are easily
derived by using the adiabatic relations, and obviously, can be fully described by the contacts
defined by the adiabatic relations.

This paper is arranged as follows. In section 2, we present the definitions of the p-wave
contacts, and derive the specific form of the adiabatic relations for a 2D spin-polarized Fermi
gas. The asymptotic behavior of the momentum distribution at large momentum is discussed
in section 3. In section 4, we derive the Tan’s energy theorem for p-wave interactions, in
which the internal energy of the system is expressed as a functional of the momentum distribu-
tion, and demonstrate how all the divergences are removed. The high-frequency behavior of
the RF response of the system is studied in section 5 according to the Fermi’s golden rule, and
in section 6, the short-distance behavior of pair correlation function is obtained. The general
virial theorem is acquired by using the adiabatic relations as well as the pressure relation in
section 7. Finally, our main results are summarized in section 8.

2. Adiabatic relations

Let us consider a strongly interacting spin-polarized Fermi gas with total particle number N
in two dimensions. The interatomic collision is dominated by the p-wave interaction with a
short range €, which is much smaller than all the other length scales of the system. Then we
may deal with the interaction by setting a short-range boundary condition on many-body wave
functions: when any two of fermions, for example, i and j, get close to each other, a many-
body wave function in two dimensions can be written as

Uop (X.R.r) = Y A, (X,R) ¢y (r), (1)
o=+

where r =r; —r;, R = (r; +1;) /2 are, respectively, the relative and c.m. coordinates of
the pair (i,7), X includes the degrees of freedom of all the other fermions, and the index
o = =+ denotes two different magnetic components of the p-wave wave function. The function
A, (X, R) is regular and v, (r) is the two-body wave function describing the relative motion
of the pair, which should take the form (unnormalized)
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Yy (r) = gq 1 (gr) cot 6, — Ny (gr)] 247 () )

outside the range of the interatomic interaction, where J,, (-), N, (-) are the Bessel functions
of the first and second kinds, ¢ is the relative wave number of the pair, Q,(,,U) () = 7" /21
is the angular function with respect to the azimuthal angle ¢ of the vector r. We note that the
regularity of the function A, (X, R) implies that no more pairs except the fermions i and j can
interact with each other, because of such a short-range interaction.

The interactions between spin-polarized fermions can be tuned using p-wave Feshbach res-
onances experimentally, and Tan’s adiabatic relations state how the total energy of the system
changes accordingly when the interatomic interaction is adiabatically adjusted. To derive the
adiabatic relations, we consider two many-body wave functions ¥,p and W/, corresponding
to different interaction strengths, and they should satisfy the Schrodinger equations with dif-
ferent energies

N
Z [—Vz +U (r,)} Uop = E¥sp, 3

Z {_vz +U (r,)] Wop = E'Whp, 4

if there is no pair of fermions within the range of the interaction. Here, M is the atomic mass
and U (r;) is the external potential experienced by the ith fermion. Then it follows from equa-
tions (3) and (4) that [32]

N
(E—E) /S [T driwh,wap

<=1

h? .
—MN% (\I’IZTDVK-\IJQD — \I’QDVr\IJ/;f)) . lldl, (5)

where A/ = N (N — 1) /2 is the number of all the possible ways to pair atoms, the domain S,
is the set of all configurations (r;,¥;), in which r = |r; — rj| > €, [ is the boundary of S, that
the distance between the two fermions in the pair (i, ) is €, and 1 is the direction normal to /,
but is opposite to the radial direction. Expanding the many-body wave function (1) at small
r, we obtain

2
Uop (X,R,1) = ZA" (X,R) {’1’ 9

—( T +2 : 1q2)r+(’)(r3)} Qgg)(cp), (6)

4a,

where -~y is the Euler’s constant, and we have used the effective-range expansion of the p-wave
scattering phase shift for 2D systems [34], i.e.

1 2
cotd, = 7 + - In (gbs). @)

g

and a,, b, are the scattering area and effective range, respectively, with the dimensions of
length? and length!. We should note that the pair relative wave number g is generally dependent
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on X as well as R, due to the external confinement U and the interatomic interactions, and can
formally be written as [12, 32]
e _ g L [7(X,R)+ U(X.R)] A, (X.R) 8

M~ A(XR)C T T ®
and 7 (X, R) and U (X, R) are respectively the kinetic and external potential operators includ-
ing the c.m. motion of the pair (i, ) and those of the rest of the fermions. Inserting the asymp-
totic form of the many-body wave function (6) into equation (5), and letting E' — E, a.. — a,
b’ — b,, we easily obtain

52
OE - / Hdl‘,l\I’QD| _Z |:_72TIWNI150)'5a;]

6tl

+N€&, -5Inb, +NI(U)(H%—7>-6E], ©)
€
where
) = / dXdR | A, (X,R)|? (10)
SUE/dXdRA;‘; (E—T—-U)A,. (1n

Using the normalization of the wave function (see appendix A)

/ Hdr,\\lfznl 71+NZI(") (1 = _ > (12)

e11

Equation (9) can further be simplified as

nh? . _
E = ZU: {WNIa( ) bay! +N&,~6lnba}, (13)
which yields
OE
9F _ _7/\/1(") 14
o (14)
OE
dlnb, =NEs. "

3. Tail of the momentum distribution at large k and contacts

In this section, we are going to study the asymptotic behavior of the large momentum distribu-
tion for a spin-polarized Fermi gas. The momentum distribution of the ith fermion is defined
as

’ (16)

/Hdrt

t#i
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where W; (k) = [dr;Uspe %, and then the total momentum distribution is
n(k) = Zf\]:] n; (k). When the pair (i,7) get close but still outside the interaction range, i.e.
r(~ 0%) > ¢, while all the other fermions are far away, we may again expand the many-body
wave function W,p (1) at r = 0, and rewrite it as the following ansatz

U (X,R, 1) = Z [AJ(X’R) +

r
g

Bs (X,R)rlnr

+C, (X, R) A7 () + - L(X,R)+ O (7)), (17)

where A,, B,, C, and L are all regular functions, and the term r - L (X, R) represents the
coupling between the relative and c.m. motions of the pair (i,j), resulted from the external
confinement. Comparing equations (6) and (17) at small r, we find

2
q

B, = ——A,, 18
2A (18)

C. — ﬂ2fi+q:1n2b A

o=\ T4 1T, T )
1 -2y T

:—( 5 +ln2bo)8‘7_4agAU’ (19)

and &, defined in equation (11) can alternatively be rewritten as
2K2 20 (o
€=~ [ dXdRA (X.R) B, (X.R) = fﬁz}ﬁ ), (20)

where
L7 = / dXdRA’ (X,R) B, (X,R) 1)

is obviously real. The asymptotic behavior of the momentum distribution at large k but still
smaller than e~! is determined by that of the wave function at short distance, then we have

= ~ —ik-r; . r —ikr
i (k) ~ Ze i /dr\I/2D <X rj+ 2,r) e kT, 22)
J#
With the help of the plane-wave expansion
= VIE DD 3 i (k) O) (9), @)
m=0oc==%

where 7,, = 1/2 form = 0, and 7,, = 1 for m > 1, and gy is the azimuthal angle of k, we find

/ ar e KT+ 1/2) o) () ok
r

. elox T -\ 1
= —iV2mA, (Xor) —— + \/;a,, (X rj,k) =

V2m N _
+ 17%0 (X rj,k) 5 +0 (), (24)
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where
m'ka
aq (X1 k) =RV A, - 7, E (25)
~ 3 eio"aok
Bs (X, rj,k) =k (Vi - Vi) [Vr,Ao - Vi } (26)
only depend on the direction of k,
/dng (X r;+ £) (rinr) an) (p)e kT
2
io ok
= i2v21B, (X.1) =5~ + O (k. (27)
and
/ drc, (x T+ g) rl? (g) ek = 0. (28)

In addition, it is obvious that the coupling term r - L (X, r; + r/2) contributes nothing to the
tail of the momentum distribution at large k. Therefore, inserting equations (24), (27), and (28)
into (22), and then into equation (16), we find the total momentum distribution n (K) at large
k takes the form

. 4
N/dXdRZ.A* Ageile=o)en 1; +Inu\//dXdRZAUeWka;, : kl

3

167rReN/dXdRZA*,B ell7= ")”“-&-TrReN/dXdRZ 0g0p = AgeTHBr) | 5+ O (k7))

(29)
where we have rewritten the integral variable r; as R, and we have also omitted the arguments
of the functions A, B, «,, and 3, to simplify the expression. If we are only interested in the
dependence of the momentum distribution on the amplitude of k, we may integrate over the
direction of k, and we find all the odd-order terms of k! vanish. We obtain (see appendix B)

>, 87 @) L @) L 6
n(k)%szr;(Cb +Q£m)>ﬁ+(9(k ). (30)
where the contacts C\°) and C,EU) are defined as
C\7) = 8’ N'Z(), (31)
¢\ = —32m NIV, (32)
and
QL) = 272N / dXdR (VR A% - VR A). (33)

Therefore, the adiabatic relations (14) and (15) can alternatively be written as

OE ¢y Ga4)
aagl o 167T‘M’
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OE 1)
dlnb, 16mM’

We find, similarly as the situation in three dimensions [32], the leading-order term of k=2 can

(35)

be fully described by the contact Céo), while there is an extra term appearing in the subleading-
order term of k4, i.e. Qg&), in addition to the contact C é”), which results from the ¢c.m. motions

of the pairs. We can expect that this additional term should result in significant amendments
to the other universal relations.

4. Energy theorem

Because of the short-range p-wave interatomic interactions, the momentum distribution gen-
erally decays like k2 at large k, and subsequently the kinetic energy of the system diverges.
Unlike that of the s-wave interaction, the subleading-order term of k= in the large momentum
distribution should also result in an additional divergence of the kinetic energy. In addition,
such divergent behavior in the subleading-order term can be fully captured only when both
the contact C,EU) defined from adiabatic relation (35) and the extra term ngn) resulted from the
c.m. motions of the pairs are considered. In this section, we show that all of these divergences
can be removed, leading to a convergent total internal energy and the p-wave Tan’s energy
theorem.

In the following, we take only two-body correlations into account, which should be reason-
able at two-body resonances, and all higher-order correlations can be neglected. Therefore,
in order to avoid the complication of the notations, we first demonstrate the derivation of the
energy theorem according to a two-body picture, and then present the general energy theo-
rem for a many-body system. Because only the internal energy of the system is considered,
we are going to omit the external confinement, which is trivial to the energy theorem. The
Schrodinger equation of two fermions takes the form

2 2

EVyp = [Z (-@v?) +V(r —1)

i=1

\IIZD, (36)

where V (r; — ry) is the interatomic interaction with a short range €, out of which we may
assume V = 0. Multiplying U3, and integrating on both sides of equation (36) over the
domain s, in which r = |r; — rp| > €, we obtain

2

E/ drydr, [¥yp|* = / dr,dr, U, ; (;;vl?) Usp. (37)
On the left-hand side (LHS) of equation (37), we already obtain
/ drdr, |\112D|2 =1+ ZI(S“) (ln 2y _ 7) (38)
Se p €
in appendix A. Let us concentrate on the right-hand side (RHS), which may be rewritten as
RHS = {3}, — 17, (39)
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where
) S
Lihote = /drldrz‘l’in Z (in) Wop, (40)
i=1
2 2
2= [[ananwn 3 (<57 v @
Je i=1

Here, 5. is the complementary set of s., in which r < €. If we write the two-body wave func-
tion ¥;p in the momentum space, i.e.

Uop = kzl kzz Dyp (k. k7) elkimigikery 42)
where
Pop (k1. ko) = / dridr, Uope~ Kime ke, (43)
Iﬁ)o]c becomes
2
=S P,
ki k=1
_ %n K), (44)
k

where n (k) is the total momentum distribution of two fermions. If we extend the asymptotic
form of W,p (1) to the region even inside the interaction range, the momentum distribution
n (k) decays like k2 and k~* as k — oo, respectively, as shown in equation (30), and then

I‘Ezzh)o]e becomes divergent. However, we will see such divergence is exactly removed by Igf),
and the RHS of equation (37), i.e. equation (39), converges.
In the following, let us focus on the integral I5_. Inserting equations (1) into (41), and

rewriting the integral in the c.m. frame of two fermions, we obtain

£y forai

oo’

* h2 oo’
+/dRAU, (—4MV§) Ay 1§ )} , (45)
where

(o0”) * h? 2

I = / dry?, (r) (—MVr> Yy (1), (46)
r<e

) = [ arg (v, ). (47)
r<e

and we should note that the variable X in the function A drops out automatically for a two-
body system. Let us calculate IEM/) first, and keep in mind that 1., (r) takes the form of equa-
tion (2), which is the linear combination of J; (gr) QEU) (p) and Ny (gr) Qgg) (), respectively,
the regular and irregular solutions of the p-wave Schrodinger equation. Therefore, we have

9
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V1@ 9 (9)] = a1 (@) 247 (o). @8)

and then we easily find

[ ez (=557 [rianol o)

M (49)
_s ("4 2 4
oo (i) [l + 0c0)].
which vanishes in the low-energy limit, i.e. eg — 0, and it yields
oo’y _ Thq . o
177 = M r<€dr¢0, (r) Vi [Nl (qr) Q" (@)] : (50)
As to the irregular solution Ny (gr) ng) (), we have (see appendix C)
- 46 (r) -
Vi [Nl (qr) )(w)} = [WIVZ — Ny (qr)} A7 (), (51)
and then
U'O'/ h’z
IE ) = 6‘”'M (%qz cot, 6a>
T2 h2q? (o) 5 () (52)
=T [ e @) () VE [N @ 9 (4)]-
r<e

Apparently, the last term of equation (52) is divergent, since the Bessel function N; (gr)
behaves as

2 qr qr 1
Nl (qr)z—m-l-w(ln2—|—'y—2)—|—0(qr)3 (53)

at gr ~ 0. The crucial point of the energy theorem is to discuss such divergence alternatively

in the momentum space. After straightforward algebra, we show in the appendix D that

,n_2h2q2 d
4M r<e

driV; (gr) 47" () V2 [N (0 247 ()]
2q2

PN ¢ AR

_ . eA * kdk R*k* (872 16724
D < T YR YR ‘7(7“117) —/A (ZW)ZW(Tﬁ e )}
(54)
and then it yields
2 2.2 2 2
(o0’) _ BBt i 2 1 I q h q ﬂ
I, =040 Algrgo [ZM (A ag)+M 1n(AbU)+7M v+ In 3
) 272 2 2.2
+/ kdk2 h°k (87; . 16m7q ) ’ (55)
A (2m)?2M \ k k*

where we have used the effective expansion (7). In the expression of equation (55), we exactly

)

separate the divergent part of IEM in the momentum space as appearing in the last integral.

10
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As to the integral Iéwl), i.e. equation (47), we easily find it is also divergent, since the wave
function v, (r) behaves as 7! at r ~ 0. Such divergence can also be separated in the momen-
tum space (see appendix D), and yields

A © kdk 1
’y+ln€—+47r2/ ] (56)
A

(o0’) _ :
L= oo lim 2 G

Combining equations (45), (55) and (56), we obtain

2 (o) 2 (o) (o)
@) _ Wea” (1o ™ R G % o A
& Ahféo{  T6n2M (A ag)+87r2MZ[ 2 ln(Ab")“L( 7 HOm | (5

o

@), @)
© kdk B2 () >, (¢ + Ocm
+ / [z"c + ( ) ,
A

oM | R i

(57)
where we have defined the corresponding two-body quantities cE,") = 87era(U), c}(j’) =
—SZWZI,EU), and Q&f}) =27% [dR (VRA} - VrA,). We can see that the divergent integral of
Iéz) exactly compensates that of I‘Evzh)ole, and then the RHS of equation (37), i.e. I‘Evzh)ole - I;v(f)
converges.

The above procedure can easily be generalized to the many-body system of N spin-polar-
ized fermions. The divergence of the corresponding integral I\%gle arises when any two of
fermions get close. Since there are totally A" = N (N — 1) /2 ways to pair atoms, we obtain
Igf) =N 13(52)’ where the domain S, is the set of all configurations (r;, r;), in which|r; — r;| < e.
Finally, after redefining the constant N into the contacts, the energy theorem for a many-body

system can be rearranged as
h2k? h? ™
- T E : _ § : (@) [ A2 —
AIEI;o " k) 16m*M Ca <A ag>

2b,
1 - _
+ Z <ln . 'y>
o k| <A

7 ¢ ¢ eA

— Zb__\n (Ab, b @) (1p ==
87T2M;|:2 n(Abo) + | =5+ Q| \In -+ )] ¢ (58)
where -y is the Euler’s constant. Here, we should note that unlike the s-wave case, the range
e of the p-wave interaction appears in the energy theorem. This feature results from the non-
normalizability of the higher-partial wave functions, and the short-range physics becomes
important, which has already been pointed out in [31] for the three-dimensional (3D) systems.
The parameter A in the expression of the limit characterizes the cut-off of the momentum & ,

and it screens off the details of interatomic interactions from the outside. Therefore, the order
of A should physically be larger than the inverse of the interaction range e.

E

s
82

5. The high-frequency tail of the RF spectroscopy

In the RF experiments, the fermions can be driven from the initially occupied spin state |g)
to an empty spin state |e), when the external RF field is tuned near the transition frequency
between the states |g) and |e). The universal scaling behavior at high frequency of the RF
response of the system is governed by contacts [6, 9, 30, 33, 37]. In this section, we are going
to show how the contacts defined by the adiabatic relations characterize such high-frequency

1
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scalings of the RF spectroscopy of a spin-polarized Fermi gas in two dimensions. Let us again
start from a two-body picture, and consider two fermions in the same spin state, which may
simplify the presentation as much as possible. The RF field is described in the momentum
space by

Hy = Vrfz (efiwt T WOk + ClwtCTC k) (59)
k

where ;¢ is the strength of the RF drive, w is the RF, and C;rk and cl are respectively the cre-
ation operators for fermions with the momentum Kk in the spin states |e) and |g). The initial
two-body state before the RF transition can be written as

)= Z%D (ki.ko) cf cf, [0), (60)
k1k2

where Wop (ky, ky) is the Fourier transform of the two-body wave function (1) (the variable X
drops out in the two-body picture), i.e.

Uop (kp, ky) = / drdr,Usp (), 1) e Kimigmiker, (61)

Acting equations (59) onto (60), we easily obtain the final state after the RF transition,

,ere —iwt

7) = Z Wap (k1. ko) (e, cf, — choel, ) 10)- (62)
The physical meaning of equation (62) is quite apparent: after the RF transition, there are
two possible final states that one of the two fermions is driven from the initial spin state
|g) to the final spin state |e) with either momentum k; or k;, and the probabilities are both

- 2
Yz [Wap (Kq, kg)) /2. According to the Fermi’s golden rule [30], and taking these two final
states into account, the two-body RF transition rate takes the form
2 B 2
Ty (w) = " ‘%D (kl,kz)‘ § (hw — AE), (63)
FL k1k2

where AE is the energy difference between the final and initial states. If the final spin state
|e) has an ignorable interaction with the initial spin state |g), the final-state energy becomes
) G )

—— + hwe + hw,, 64
g g T we T T (64)

where K =k, + ky, k = (k| — ky) /2, and w, and w, are the bare hyperfine frequencies of
the final and initial spin states, respectively. The energy of the initial state with two fermions
in the spin state |g) is

Ef =

hZ K2 hZ 2
E; = —L 4 2hw,, 65
2L 4 oh, (65)
and h*q? /M is the relative energy of two fermions in the spin state |g). Therefore, we have
52 2 hz q2

AENW—FFL( — W) — (66)

M b}
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then we obtain

2 B ) h2 2 _kZ
D2 (@) = D83 o (ki.ko)| 6 (hw+(qM)>, (67)
kiky

where we set the bare hyperfine splitting w, — w, = 0 without loss of generality. Furthermore,
if inserting equations (61) into (67), we may rewrite the RF transition rate as

2 2(,.2 12
I (w) = %Zn’ (k)5<m+h(qu)>, (68)
k

where

2
n' (k) = / dR ‘ / dr¥,pe*r| | (69)
and recall R = (r; +r;) /2 and r = r; — r,;. Comparing equation (69) with the definition of
the single-particle momentum distribution, i.e. equation (16), or specifically, for a two-body

system
ni (k) = /dl’z /dl'l\IIZDeiikirl

we find n’ (k) is not exactly the single-particle momentum distribution of the system: n’ (k)
should have the same leading-order behavior as that of n; (k) at large k, but different sub-
leading-order behavior, in which the c.m. contribution is excluded. As we can see from equa-
tion (68), the high-frequency behavior of the RF transition rate is determined by n’ (k) at large
k but still smaller than ¢!, due to the delta function. Here, we should carefully deal with the
relative energy h>g? /M in the low-energy limit, since the subleading-order behavior becomes
important. Simply using the Fourier transform of the relative wave function of two fermions
at small r, we easily obtain the form of n’ (k) at large k, and then the two-body RF transition
rate I'; (w) becomes

oM [l s,
I (w) ~ + 3
16rh | Mw/h 2 (Mw/h)

2
) (70)

(71)

at large w but smaller than h/Me?, and again clo), c,(,g) are the two-body contacts.

For the many-body systems, all possible N pairs may contribute to the high-frequency tail
of the RF spectroscopy, when the two fermions in them get close, while all the other fermi-
ons are far away. Therefore, we can follow the above two-body route, and easily obtain the
asymptotic behavior of the RF response of the many-body system at large w, after redefining
the constant V into the contacts, i.e.

I'(w) ~ My [ 2,07 + >, 67
lorh? | Mw/h 2 (Mw/h)* |’

(72)

where CCEU) and C,EU) are corresponding many-body contacts, and I" (w) should obey the sum
rule [ dwI (w) = 7wyaN/B? [37].
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6. Pair correlation function at short distances

The pair correlation function g, (s, t) gives the probability of finding two fermions at positions
s and t simultaneously, i.e. g (s,t) = (6 (s) p (t)), where 5 (s) = >, 0 (s — r;) is the density
operator at the position s. For a pure many-body state |¥,p) of N fermions, we have

ga(s.) = [ dridrs- - dry (W] (5) (0 o)
:N(N—l)/dX|\I/2D (X,R,r)?, (73)

where R = (s +t) /2, r =s — t, and X denotes all the degrees of freedom of the fermions
except the ones at s and t. Further more, we may also integrate over the c.m. coordinate R,
and define the spatially integrated pair correlation function as

G, (r) = /ng2 (rR+ g,R— g) . (74)

Using the asymptotic form the many-body wave function at short distance, i.e. equation (1),
we easily obtain

G(r)~N(N-1)) / dXdRA*, A,

1 & r r
STy In—— )| Q% (0)Q ().
5% (g g )] 2 @00 ) 75)

If we are only interested in the dependence of G, (r) on r = |r|, we may integrate G (r) over
the direction of r, and obtain

I,SU) (o) r
G(r)=NWN-1)Y — + 2L g -
@) o)
:1z<ca _ G nr>‘ (76)

We can see that the short-distance behavior of the pair correlation function of a spin-polarized

Fermi gas is also completely captured by the p-wave contacts Ca(o) and C,Eo).

7. Generalized virial theorem and pressure relation

Let us consider a spin-polarized Fermi gas trapped in the harmonic potential V, then the
Helmbholtz free energy F' should be the function of the temperature 7, the trap frequency w,
the atom number N, and the interatomic p-wave interaction strength characterized by the 2D
scattering area a, as well as the effective range b,, i.e. F(T,w,d,,bs,N). The generalized
virial theorem can be obtained according to the dimensional analysis [7, 8, 38]. Using fw as
the unit of the energy, the Helmholtz free energy may be written as

ksT h?/Ma, h*/Mb> )

F(T9wsa0'9bo',N):mf (hw’ hw ) ho,) UsN

(77)

where the function f'is just a dimensionless function, and kg is the Boltzmann constant. Then
the free energy F should have the following scaling property,
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F (AT Aw, A g A7 2, N ) = AF (T,w, 05, b5,N) (78)

Taking the derivative with respect to A on both sides of equation (78), and then setting A = 1,

we obtain
0 0 0 b, O
(Tar+“a TS T 2 ob, )F F (79)

Since the Helmholtz free energy is just the Legendre transform of the energy, its partial

derivatives at constant 7" with respect to w, a,, and b, are equal to those of the energy at

the associated value of the entropy S. Combining the adiabatic relations (34) and (35), and
dF = dE — SdT, we easily obtain

hZc(U ) h2c(¢7 )

E=2(V)— —~ - b 80

V) 167tMa, 327*M (50)

The pressure relation can be derived following the similar route. Let us consider the free

energy density F, which has the dimension of (energy)> up to the factors A and M. Assuming

K is an arbitrary quantity with dimension of (energy)’, the free energy density can be written

as

ks T hZMU hZMb2 n/M
F(T,aq,byn) = 2f( ol 1/ Mag 1) n/ ) 81)
10 K K K K

where 7 is the atom density. Then we have

F (AT A ag A2y An) = XF (T, bgun) (82)
which similarly yields

0 0 b, 0 0
T— — — | F=2F.

( or  “9a, 2 b, ”an> (83)

Combining P = —F + ny, where p is the chemical potential, and the adiabatic relations, we

finally obtain the pressure relation

hZC(U) hZCIEU)
a 84
Tt TorMa, | 32m2M’ &)

where € is the energy density of the system.

8. Conclusions

To conclude, we have systematically studied the full set of universal relations of a 2D spin-
polarized Fermi gas with p-wave interactions. If the p-wave contacts are defined according
to the adiabatic relations, we find that the universal relations of the system, such as the high-
frequency tail of the RF response, short-distance behavior of the pair correlation function,
generalized virial theorem, and pressure relation are fully captured by the contacts we define.
As we anticipate, an extra term resulted from the center-of-mass motions of the pairs appears
in the subleading tail (k~*) of the large momentum distribution besides the contact related to
the effective range, similar to what happens in a 3D p-wave Fermi gas. Furthermore, such an
extra term results in an additional divergence for the energy theorem, which should carefully
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be handled with. We show that all the divergences of the kinetic energy are exactly com-
pensated by the interatomic interaction energy, and the total internal energy of the system
converges. Our results could easily be generalized for higher-partial-wave scatterings. The
predicted universal relations could readily be confirmed in current cold-atom experiments
with spin-polarized Fermi gases of “°K and °Li atoms.
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Appendix A. The normalization of the wave function

In this appendix, we are going to discuss the normalization of the many-body wave function
W,p in two dimension, and calculate f s. vazl dr; |\IIZD|2. The similar normalization has been
discussed for a 3D system (see appendix A of [32]), and such normalization is related to the
probability of finding two fermions inside the interaction range €. Let us consider N spin-
polarized fermions, and when any two of them interact with each other, for example, fermions
i and j, all the others are far away. For two different relative energies of the pair (i,j), i.e. £
and &', due to the orthogonality of the wave function, we have [ dXdRdr¥%,Wop = 0. Then
from the Schrédinger equations satisfied by W5, and W,p, we find the probablhty of finding
the pair (i, ) inside the interaction range € should be

/ dXdRdr |Up|> = — lim [ dXdRAr¥},Usp
r<e &—=E r>e

1w /M w0 9 i+
= _51’1515 c_¢c | dXdRdr \IIZDa \1/2]) — \112])6 \IIZD

27
_ 11m Z / dXdRA%, / /0 edyp (wﬁ;ﬁaw — Yoo %)
:—ZILSU) [—(7—1—111 ) 82( q* cot b, —qlnq)}
—- 3z (w2 o), (A1)

where we have used the effective-range expansion of the scattering phase shift (7), g*> = ME /h?,
and +y is the Euler’s constant. We can see that the bound for the effective range b, exists, i.e.
b, < ee7/2, in order to guarantee the positive probability of finding two atoms inside the
interaction range. This is an alternative expression of the Wigner’s bound on the effective
range for the p-wave interaction in two dimensions [32, 39-41]. Then the total probability of
finding any pair of fermions inside the interaction range is

1 2b,
/ Hdr, Wop|* = (7) / dXdRdr [¥op|* = —N > I (m - 7) , (A.2)
r<e o

etl
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where Ia(a) is defined in equation (10), and S, is the set of all configurations that there is only
one pair inside the interaction range. Consequently, we obtain

/Hdr,\\lfznl —1+NZI(") (m% 7>. (A3)

€ i=l1

Appendix B. Derivation details of the momentum distribution

In this part of the appendix, we present the calculation details in the derivation from equa-
tions (29) to (30). The integral over the direction of k for the leading-order term, i.e. ~ k=2,
can easily be obtained, and the coefficient takes the simple form of ) | 82N’ ILEU), which then
we define as Z cé‘”. For the k3-order term, we find

75 = Im\ / dXdRZA T, - %
— —47NTIm / dXdR > A, [(VRA;, -12) Fio (VrAL, '@k)} e(a_k:)w (B.1)

where K, @k are respectively the unit vectors of the radial and azimuthal directions of
k. Obviously, 73 is simply the linear combination of ei(”_",)” sin @k and ei(”_"/)” COS Pk,
which automatically vanishes if integrating over .

Let us look at the k—*-order term, which includes two terms. The first term becomes
—327m 3" /\/'IIEU)/k4 if integrating over ¢, and then we define as Céo)/k‘l. As to the
second term, we rewrite it as

=N / dXdR > [VrAZ - Vi) [VRAs - Vifs]
- 7/\/ / dXdR > " {A%f5 (VR - Vi) [VRAs - Vifo] + Aofs (VR - Vi) [VRAS - Vifii ]}
o (B.2)
where we have defined £, (k) = €l°%k /k. Since the function A, is regular and should either

decay to zero at infinity or satisfy a periodic boundary condition in a box [4], after partially
integrating, x becomes

Y= 7N / dXdRZ [VRAL - Vif2)] [VrAy - Vil

2N [ OXAR S (5 (Vi W) (Ve Sido] +fo (VAo Vi) [V - Vi3 )

oo’

_ af > Ofy fs fz,
= ’N/dXdRZZ ok, aR ( ok o6 7 akak T akok

0A%, 0A, of» afs
:EN/dXdRZZ OR; OR; [Ok, (f *) (f(, )] (B.3)
oo’ i

l

17



S-G Peng

J. Phys. A: Math. Theor. 52 (2019) 245302

where the indices 7,j denote {x,y, z}. Inserting
elovk  k + ioky
into equation (B.3), and integrating over ¢y by using k., = kcos ¢k and k, = ksin g, we

(B.4)

5

arrive at
272 0A% 0A, . OALO0A, . 0ALO0A, 0A:O0A,
X=TaN / aXdR D ( OR, OR, ' OR. OR, ' '’ OR, OR. ' OR, OR, )
7 (B.5)
_ ZWZZN/dXdR(VR.AZ‘, Vedy) - 1%4
where we have used
(B.6)

DAL 0A,  OAL0A,\
/dR<aRx OR,  OR, 8RX> =0

Appendix C. Calculation of V2 {Nm (qr) Qf,ﬁ’) (go)]

The Bessel function of the second kind N,, (x) takes the following series power form at small

x [42],
o) =L S AT () 2 (- jri()(—)s L)L v ) oy
- (C.1)

s=0

where J,, (x) is the Bessel function of the first kind, and ¢ (-) is the digamma function. Using

the form of V% in the polar coordinate, we find
- 1o 0 m? -
V@0 @] = | (1o - ) M| 90 0. c2)

Form > 1, we may separate the most singular term of N,, (x) at small x, i.e. —2" (m — 1)! /7x™,

and find
1o 0 m? 2" (m—1)!
(v ) oo+ T 52 = oo, 9
Subsequently, we obtain
1o o m 2" (m—1)!

2 (o) D N el _= P (o)
Va0 @) = { (G- %) |5 T | - e b ).
Using [27, 43]

d 1 m )"
77:_rm+1 +7(5( )(r), (CS)

dr rm
where 6 (r) is the nth derivative of the Dirac delta function 4 (r), and 60" (r) =

(=)™m!o (r) /r™, we obtain

10 0 2 1 2
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and then
2" ml 6 (r)
T qm rm+1

Vi [V a2 )] = | PN | @), ©)

which finally yields equation (51).

Appendix D. Calculation details of equations (54) and (56)

In this part of the appendix, we present the calculation details of the derivations of equa-
tions (54) and (56). Let us look at equation (54) first. Using the identity (51), we easily find

2h2 2 17/ * (e
Sar [N @) &7 () Vi [V @) 947 (9)]
h2 o)k ) - 2h2 4
T [ ar el @) |20 o] - Tt
r<e
[ ar[wi@nel )] M@ ol @) (©.1)
r<e

Obviously, the two integrals of equation (D.1) are both divergent. Since we know

2 qr qr 1
Mg ==+ L (L= ) 40l (D2)

at gr ~ 0, the first integral of equation (D.1) becomes
o’ )x o (r o
[ armianor @) 2200 )]
r<e

2 Q" () [6(r) (o Rq
_ dro-1 (SD){()QE)(@)]‘FAZ/

2
M r<e r r <e

wh%q

dr [rln %Qggl)* (p)

K} - hz 2
“f)ﬂi : (so)] + b5or = (27— 1). (D3)

Using the Fourier transform of 6r(2r ) QEJ) (), ie.

0(r) ~(o - ioak
F [FZQE )(sO)} = —ivVameTs, .
we obtain
2 (o) 2%2
ey R e Co Y LGPV I e iy L S TR
M r<e r r M (271—)
47 R? kdk
5 750’0”7 T~ N2
M (2m)

5 A2 h2 i /A kdk N /°° kdk
= —0go’ ——— lim —
M aso |y (2m)? Ja (27)?

. hZA? , [ kdk Rk 1
= 0gor lim |— — 87 5517 5 | -
A—o0 2M A (2m) 2M k

D.5)
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Similarly,
ﬁzqz/ qr (o' {5(1’) (o) ] 2R q? kdk
— dr |rln —Q —=Q = g0’
M /.. [ 2 (“0)} 2 () M (2n)
—2[1 — Jo (ke)] + keJy (ke) + [2Jy (ke) — keJo (ke)] ke ln 5
k2 ’
(D.6)
Since
212 h2q? kdk —2[1 — Jy (ke)]
M (2r)? k2
_awRE /A kdk —2 + 2Jo (ke) /°° kdk —2 + 2Jy (ke)
M A5 |y (2rm)? k2 A (2n) k?
Rq A * rdk R2K2 1
= lim [——— In— ) — 87%¢* — D.7
ALII;[ M<7+n2> 7r‘]/A (2r) 2M K | ®.7)
and
2m2h2q? [ kdk kely (ke) + [2Jy (ke) — keJo (ke) keln T h2g? (1
o et k0. 60(6)]€n2‘q<+1ﬂ6q>’ (D.8)
(27) k M \2 2
we find
h2q2

g qr o (o' 9(r) (@)
M. dr {rln > 0 ((p)} { r 0 (¢)
2.2

., (D.9)

A—oo

R2g* A 5 o [ kdk B2 1
— 87%q 5o
A (2m) 2M K¢

and then

o) o(r o
ar [ (an) 07" )] | 25047 )
RA R A /°° kdk 22 <87r2 87r2q2>

T M Vg apm e TR

wh2q
M r<e

(D.10)

77 Ao

As to the second term of equation (D.1), we have

Tl [ @l @) [ @ el )]

2.2 Q(U/)* Q(")
I V a7 @A)
r<e

D.11
M r r ( )

Using the Fourier transform of QEU) (p) /r,ie.

f

Q(U) io Pk
1(@] = —ivVars —. (D.12)

r
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we obtain
7T2FL2q4 o) Y

- | M@ @] M@ el )]

_ 5 ATIG [ kdk 1Ty (ke)

- oo’ M (2,”)2 kz

_ ARG /A kdk 1 — Jo (ke) /°° kdk 1 —Jo (ke)
7 Asos | Jo (2m)F K N

h2g? eA ® kdk R*K* 8m2g?

=0, lim |——0 nh—)- [ ——— (D.13)

A1—>H§o[ M (7+n2> /A (2r)* 2M K

in the limit eg — 0. Combining equations (D.10) and (D.13), we finally obtain equation (54)

in the maintext, i.e.

g
aM

driv: (gr) 47" () V2 [V (ar) 47 ()]

[_ h*A? B h2q21 A

r<e

2M M q
h*q? . eA /°° kdk R*k* (8> n 167m2q¢*
- n— | — ——— | = )
M \"TT) T e e T e @.14)

In the follows, let us look at equation (56). It is easily found

, ()% 1y @)
1) :/ L R Yy (D.15)
r<e

= 0yqr lim
77 A—oo

r r

Using the Fourier transform of QEU) (p) /r, i.e. equation (D.12), we have

: kdk 1 — Jo (ke)
177 — 5,/ 4n2 / o= D.1

in the limit eg — 0, and then Igw ) can alternatively be written as

’ A —_— 0 —
£ 5 i a2 [ L= do(ke) kdk 1 — Jo (ke)
2 A 0

—00 @2r)? K A (2m) K
. A , [ kdk 1
-5, i — D.17
b Jim |3+ G 44t [ (%)zkz}, (D.17)
where we have used
.  kdk Jo (ke)
1 =0.
Ao A (r)? K (D18)

21



J. Phys. A: Math. Theor. 52 (2019) 245302 S-G Peng

ORCID iDs

Shi-Guo Peng © https://orcid.org/0000-0001-5941-4441

References

[1] Bloch I, Dalibard J and Zwerger W 2008 Rev. Mod. Phys. 80 885
[2] Giorgini S, Pitaevskii L P and Stringari S 2008 Rev. Mod. Phys. 80 1215
[3] Braaten E and Hammer H W 2006 Phys. Rep. 428 259
[4] Tan S 2008 Ann. Phys. 323 2952
Tan S 2008 Ann. Phys. 323 2971
Tan S 2008 Ann. Phys. 323 2987
[5] Zwerger W 2011 The BCS-BEC Crossover and the Unitary Fermi Gas, Col 836 (Lecture Notes in
Physics) (Berlin: Springer) (Please see chapter 6 for a brief review)
[6] Punk M and Zwerger W 2007 Phys. Rev. Lett. 99 170404
[7] Braaten E and Platter L. 2008 Phys. Rev. Lett. 100 205301
Braaten E, Kang D and Platter L 2008 Phys. Rev. A 78 053606
[8] Zhang S Z and Leggett A J 2009 Phys. Rev. A'79 023601
[9] Schneider W and Randeria M 2010 Phys. Rev. A 81 021601
[10] Hu H, Liu X J and Drummond P D 2010 Europhys. Lett. 91 20005
[11] Valiente M, Zinner N T and Molmer K 2011 Phys. Rev. A 84 063626
Valiente M 2012 Phys. Rev. A 85 014701
[12] Werner F and Castin Y 2012 Phys. Rev. A 86 013626
Werner F and Castin Y 2012 Phys. Rev. A 86 053633
[13] Stewart J T, Gaebler J P, Drake T E and Jin D S 2010 Phys. Rev. Lett. 104 235301
[14] Kuhnle E D, Hu H, Liu X J, Dyke P, Mark M, Drummond P D, Hannaford P and Vale C J 2010
Phys. Rev. Lett. 105 070402
[15] Sagi Y, Drake T E, Paudel R and Jin D S 2012 Phys. Rev. Lett. 109 220402
[16] Hoinka S, Lingham M, Fenech K, Hu H, Vale C J, Drut J E and Gandolfi S 2013 Phys. Rev. Lett.
110 055305
[17] Peng S-G, Zhang C-X, Tan S and Jiang K 2018 Phys. Rev. Lett. 120 060408
[18] Regal C A, Ticknor C, Bohn J L and Jin D S 2003 Phys. Rev. Lett. 90 053201
[19] Zhang J, van Kempen E G M, Bourdel T, Khaykovich L, Cubizolles J, Chevy F, Teichmann M,
Tarruell L, Kokkelmans S J J M F and Salomon C 2004 Phys. Rev. A 70 030702
[20] Gunter K, Stoferle T, Moritz H, Kohl M and Esslinger T 2005 Phys. Rev. Lett. 95 230401
[21] Gaebler J P, Stewart J T, Bohn J L. and Jin D S 2007 Phys. Rev. Lett. 98 200403
[22] Ohashi Y 2005 Phys. Rev. Lett. 94 050403
[23] Ho T L and Diener R B 2005 Phys. Rev. Lett. 94 090402
[24] Cheng C H and Yip S K 2005 Phys. Rev. Lett. 95 070404
[25] Iskin M and de Melo C 2006 Phys. Rev. Lett. 96 040402
[26] Idziaszek Z and Calarco T 2006 Phys. Rev. Lett. 96 013201
[27] Idziaszek Z 2009 Phys. Rev. A79 062701
[28] Peng S G, Li S Q, Drummond P D and Liu X J 2011 Phys. Rev. A 83 063618
Peng S G, Liu X J, HuH and Li S Q 2011 Phys. Lett. A 3752979
[29] Peng S-G, Tan S and Jiang K 2014 Phys. Rev. Lett. 112 250401
Gao T-Y, Peng S-G and Jiang K 2015 Phys. Rev. A 91 043622
[30] YuZ H, Thywissen J H and Zhang S Z 2015 Physi. Rev. Lett. 115 135304
Yu Z, Thywissen J H and Zhang S 2016 Phys. Rev. Lett. 117 019901
[31] He M Y, Zhang S L, Chan H M and Zhou Q 2016 Phys. Rev. Lett. 116 045301
[32] Peng S G, Liu X J and Hu H 2016 Phys. Rev. A 94 063651
[33] Luciuk C, Trotzky S, Smale S, Yu Z, Zhang S and Thywissen J H 2016 Nat. Phys. 12 599
[34] Zhang C-X, Peng S-G and Jiang K 2018 Phys. Rev. A 98 043619
[35] Zhang Y-C and Zhang S 2017 Phys. Rev. A 95 023603
[36] Zhang P-F and Yu Z H 2016 Phys. Rev. A 95 033611
[37] Braaten E, Kang D and Platter L 2010 Phys. Rev. Lett. 104 223004
[38] Barth M and Zwerger W 2011 Ann. Phys. 326 2544

22


https://orcid.org/0000-0001-5941-4441
https://orcid.org/0000-0001-5941-4441
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/RevModPhys.80.1215
https://doi.org/10.1103/RevModPhys.80.1215
https://doi.org/10.1016/j.physrep.2006.03.001
https://doi.org/10.1016/j.physrep.2006.03.001
https://doi.org/10.1016/j.aop.2008.03.004
https://doi.org/10.1016/j.aop.2008.03.004
https://doi.org/10.1016/j.aop.2008.03.005
https://doi.org/10.1016/j.aop.2008.03.005
https://doi.org/10.1016/j.aop.2008.03.003
https://doi.org/10.1016/j.aop.2008.03.003
https://doi.org/10.1103/PhysRevLett.99.170404
https://doi.org/10.1103/PhysRevLett.99.170404
https://doi.org/10.1103/PhysRevLett.100.205301
https://doi.org/10.1103/PhysRevLett.100.205301
https://doi.org/10.1103/PhysRevA.78.053606
https://doi.org/10.1103/PhysRevA.78.053606
https://doi.org/10.1103/PhysRevA.79.023601
https://doi.org/10.1103/PhysRevA.79.023601
https://doi.org/10.1103/PhysRevA.81.021601
https://doi.org/10.1103/PhysRevA.81.021601
https://doi.org/10.1209/0295-5075/91/20005
https://doi.org/10.1209/0295-5075/91/20005
https://doi.org/10.1103/PhysRevA.84.063626
https://doi.org/10.1103/PhysRevA.84.063626
https://doi.org/10.1103/PhysRevA.85.014701
https://doi.org/10.1103/PhysRevA.85.014701
https://doi.org/10.1103/PhysRevA.86.013626
https://doi.org/10.1103/PhysRevA.86.013626
https://doi.org/10.1103/PhysRevA.86.053633
https://doi.org/10.1103/PhysRevA.86.053633
https://doi.org/10.1103/PhysRevLett.104.235301
https://doi.org/10.1103/PhysRevLett.104.235301
https://doi.org/10.1103/PhysRevLett.105.070402
https://doi.org/10.1103/PhysRevLett.105.070402
https://doi.org/10.1103/PhysRevLett.109.220402
https://doi.org/10.1103/PhysRevLett.109.220402
https://doi.org/10.1103/PhysRevLett.110.055305
https://doi.org/10.1103/PhysRevLett.110.055305
https://doi.org/10.1103/PhysRevLett.120.060408
https://doi.org/10.1103/PhysRevLett.120.060408
https://doi.org/10.1103/PhysRevLett.90.053201
https://doi.org/10.1103/PhysRevLett.90.053201
https://doi.org/10.1103/PhysRevA.70.030702
https://doi.org/10.1103/PhysRevA.70.030702
https://doi.org/10.1103/PhysRevLett.95.230401
https://doi.org/10.1103/PhysRevLett.95.230401
https://doi.org/10.1103/PhysRevLett.98.200403
https://doi.org/10.1103/PhysRevLett.98.200403
https://doi.org/10.1103/PhysRevLett.94.050403
https://doi.org/10.1103/PhysRevLett.94.050403
https://doi.org/10.1103/PhysRevLett.94.090402
https://doi.org/10.1103/PhysRevLett.94.090402
https://doi.org/10.1103/PhysRevLett.95.070404
https://doi.org/10.1103/PhysRevLett.95.070404
https://doi.org/10.1103/PhysRevLett.96.040402
https://doi.org/10.1103/PhysRevLett.96.040402
https://doi.org/10.1103/PhysRevLett.96.013201
https://doi.org/10.1103/PhysRevLett.96.013201
https://doi.org/10.1103/PhysRevA.79.062701
https://doi.org/10.1103/PhysRevA.79.062701
https://doi.org/10.1103/PhysRevA.83.063618
https://doi.org/10.1103/PhysRevA.83.063618
https://doi.org/10.1016/j.physleta.2011.06.045
https://doi.org/10.1016/j.physleta.2011.06.045
https://doi.org/10.1103/PhysRevLett.112.250401
https://doi.org/10.1103/PhysRevLett.112.250401
https://doi.org/10.1103/PhysRevA.91.043622
https://doi.org/10.1103/PhysRevA.91.043622
https://doi.org/10.1103/PhysRevLett.115.135304
https://doi.org/10.1103/PhysRevLett.115.135304
https://doi.org/10.1103/PhysRevLett.117.019901
https://doi.org/10.1103/PhysRevLett.117.019901
https://doi.org/10.1103/PhysRevLett.116.045301
https://doi.org/10.1103/PhysRevLett.116.045301
https://doi.org/10.1103/PhysRevA.94.063651
https://doi.org/10.1103/PhysRevA.94.063651
https://doi.org/10.1038/nphys3670
https://doi.org/10.1038/nphys3670
https://doi.org/10.1103/PhysRevA.98.043619
https://doi.org/10.1103/PhysRevA.98.043619
https://doi.org/10.1103/PhysRevA.95.023603
https://doi.org/10.1103/PhysRevA.95.023603
https://doi.org/10.1103/PhysRevA.95.033611
https://doi.org/10.1103/PhysRevA.95.033611
https://doi.org/10.1103/PhysRevLett.104.223004
https://doi.org/10.1103/PhysRevLett.104.223004
https://doi.org/10.1016/j.aop.2011.05.010
https://doi.org/10.1016/j.aop.2011.05.010

J. Phys. A: Math. Theor. 52 (2019) 245302 S-G Peng

[39] Wigner E P 1955 Phys. Rev. 98 145
[40] Phillips D R and Cohen T D 1997 Phys. Lett. B 390 7
[41] Hammer H W and Lee D 2009 Phys. Lett. B 681 500
Hammer H W and Lee D 2010 Ann. Phys. 325 2212
[42] Abramowitz M and Stegun I A 1972 Handbook of Mathematical Functions With Formulas, Graphs,
and Mathematical Tables (New York: Dover)
[43] Estrada R and Kanwal R P 1989 J. Math. Anal. Appl. 141 195

23


https://doi.org/10.1103/PhysRev.98.145
https://doi.org/10.1103/PhysRev.98.145
https://doi.org/10.1016/S0370-2693(96)01411-6
https://doi.org/10.1016/S0370-2693(96)01411-6
https://doi.org/10.1016/j.physletb.2009.10.033
https://doi.org/10.1016/j.physletb.2009.10.033
https://doi.org/10.1016/j.aop.2010.06.006
https://doi.org/10.1016/j.aop.2010.06.006
https://doi.org/10.1016/0022-247X(89)90216-3
https://doi.org/10.1016/0022-247X(89)90216-3

	﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿Universal relations for a spin-polarized Fermi gas in two dimensions﻿﻿﻿﻿
	﻿﻿Abstract
	﻿﻿﻿1. ﻿﻿﻿Introduction
	﻿﻿2. ﻿﻿﻿Adiabatic relations
	﻿﻿3. ﻿﻿﻿Tail of the momentum distribution at large ﻿k﻿ and contacts
	﻿﻿4. ﻿﻿﻿Energy theorem
	﻿﻿5. ﻿﻿﻿The high-frequency tail of the RF spectroscopy
	﻿﻿6. ﻿﻿﻿Pair correlation function at short distances
	﻿﻿7. ﻿﻿﻿Generalized virial theorem and pressure relation
	﻿﻿8. ﻿﻿﻿Conclusions
	﻿﻿﻿Acknowledgments
	﻿Appendix A. ﻿﻿﻿The normalization of the wave function
	﻿Appendix B. ﻿﻿﻿Derivation details of the momentum distribution
	﻿Appendix C. ﻿﻿﻿Calculation of ﻿﻿
	﻿Appendix D. ﻿﻿﻿Calculation details of equations (﻿54﻿) and (﻿56﻿)
	﻿﻿﻿﻿﻿﻿ORCID iDs
	﻿﻿﻿References﻿﻿﻿﻿


