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SO(2,1) dynamical symmetry makes a remarkable prediction that the breathing oscillation of a scale-invariant
quantum gas in an isotropic harmonic trap is isentropic and can persist indefinitely. In two dimensions, this
symmetry is broken due to quantum anomaly in the strongly interacting range, and consequently the lifetime of
the breathing mode becomes finite. The persistent breather in a strongly interacting system has so far not been
realized. Here, we experimentally achieve the long-lived breathing mode in a three-dimensional unitary Fermi
gas, which is protected by the SO(2,1) symmetry. The nearly perfect SO(2,1) symmetry is realized by loading
the ultracold Fermi gas in an isotropic trap and tuning the interatomic interaction to resonance. The breathing
mode oscillates at twice the trapping frequency even for large excitation amplitudes. The ratio of damping
rate to oscillation frequency is as small as 0.002, providing an interacting persistent breather. The oscillation
frequency and damping rate are nearly constant for different atomic densities and temperatures, demonstrating
the robustness of the SO(2,1) symmetry in three dimensions. The factors that lead to the residual damping
have also been clarified. This work opens the way to study many-body nonequilibrium dynamics related to the
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dynamical symmetry.
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I. INTRODUCTION

Understanding nonequilibrium dynamics in quantum
many-body systems is one of the most challenging problems
in modern physics [1,2]. A particularly interesting ques-
tion is the search for long-lived far-from-equilibrium steady
states and to understand whether such states have univer-
sal properties [3-5]. In this regard, one famous example is
the Boltzmann breather: noninteracting particles placed in
an isotropic harmonic trap potential can undergo undamped
oscillatory motion. Such motion was predicted using kinetic
theory, but was only recently observed in thermal gases [6].
However, observation of persistent breather in strongly inter-
acting quantum systems is very challenging and has so far not
been realized.

SO(2,1) dynamical symmetry makes a remarkable predic-
tion that the breathing oscillation is completely isentropic
and can persist indefinitely [7—11]. Mathematically, if scale-
invariant quantum gases are confined in an isotropic harmonic
trap, the Hamitonian H and raising or lowing operators L1
form the SO(2,1) Lie algebra (see Appendix C). Then, the
operators Ly generate a set of equally spaced eigenstates
known as conformal tower [see Fig. 1(b)]: repeated action of
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L. on the ground state will generate a ladder of eigenstates
with an equal energy separation 2%wg, where wy is the trap-
ping frequency. One important feature of SO(2,1) symmetry
is that the breathing mode undergoes an undamped periodic
oscillation with the frequency of 2w [12].

In two-dimensional (2D) quantum gases with scale-
invariant short-range interaction, long-lived breathing motion
was predicted from the SO(2,1) symmetry present in a clas-
sic field description that obeys the nonlinear Gross-Pitaevskii
(GP) equation [7] and has been experimentally tested [13—15].
However, such symmetry in 2D systems is broken due to
quantum anomaly [16-20], which induces an upshift of the
breathing-mode frequency away from the scale-invariant one
and increases the damping rate by about one order of mag-
nitude [18,19]. In a three-dimensional (3D) quantum system,
the asymptotic form of wave function with contact interaction
is introduced as the Bethe-Peierls boundary condition, i.e.,
Y(r — 0) ~ (1/r — 1/a), where r is the distance between
two atoms and a is the scattering length. The interaction is
scale invariant if the system is tuned to the unitary limit with
resonant interaction a = +oo [8,10,11,21]. When the system
is confined in an isotropic harmonic trap, the scale invariance
is replaced by the SO(2,1) symmetry. In three dimensions, no
quantum anomaly occurs at the resonant interaction and one
realizes a robust SO(2,1) symmetry [8—11].

In this work, we provide concrete evidence for the exis-
tence of a long-lived breather and of SO(2,1) symmetry in
an isotropically trapped unitary Fermi gas. In particular, we

©2025 American Physical Society
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FIG. 1. Long-lived breathing mode of a unitary Fermi gas in an isotropic trap. (a) The isotropic optical dipole trap is composed of two
elliptic laser beams (P, and P,). A pair of Feshbach coils produces a homogeneous magnetic field to tune the interaction to the unitary limit.
(b) Energy spectrum of the system. The ground state is |1/) with the energy Ey. The raising operator L, produces an excitation with an energy
2hwy. Repeated action of L, generates a series of evenly spaced states known as a conformal tower. (c) Breathing oscillation as a function of
the holding time ¢. Enlarged view of the second data set is shown in (d), where the inset shows typical atomic images (166 x 166 um?) from 8.5
to 9.1 ms, corresponding to the red dots. The oscillation frequency is wp = 27w x 1439(1) Hz ~ 2w, and the damping rate is ['g/wp ~ 0.002.
(e)—(g) Breathing modes with the SO(2,1) symmetry broken: on the BEC side (1/kra =~ 0.83) in an isotropic trap (e), wg =~ 2.11(1)wy and
['p/wp = 0.01; at the unitary regime (1/kra — 0) in a cigar-shaped trap (f), wp ~ 1.83(3)w, with the radial trapping frequency w, and
I'g/wp ~ 0.13; on the BCS side (1/kra ~ —0.34) in an isotropic trap (g), wg =~ 1.96(1)wy and I'p/wp ~ 0.006. The error bar is the standard
deviation of three measurements. The oscillation data are fitted with a damped sinusoidal function indicated by the solid curve.

excite and observe the long-lived breathing mode of a unitary
Fermi gas. The main results are as follows: (1) This mode
oscillates at twice the trapping frequency wp ~ 2w and has
an extremely small damping rate I'g ~ 0.002wp, providing
an interacting persistent breather (Sec. II). (2) The breath-
ing mode oscillates at twice the trapping frequency even for
large excitation amplitudes, going beyond the prediction of
linear response theory [22,23], but consistent with the pre-
dictions of SO(2,1) symmetry [7,8], and is analogous of the
Boltzmann breather in an interacting quantum system [24]
(Sec. II). (3) The oscillation frequency and damping rate
are nearly constant for different atomic densities and tem-
peratures, demonstrating the robustness of the symmetry in
three dimensions (Sec. IV). (4) We further analyze the factors
which affect the residual damping rate, such as asphericity,
anharmonicity, and bulk viscosity, and find that the damping
has reached the technical limit as characterized by the dipole
mode. We specially increase trap asphericity and measure its
effect on damping (Sec. V).

II. LONG-LIVED BREATHING MODE

We prepare a unitary °Li Fermi gas in an isotropic trap as
in our previous works [25-27]. Two elliptic 1064-nm opti-
cal beams form the isotropic trap [see Fig. 1(a)]. A pair of
Feshbach coils produces a homogeneous magnetic field of
832 G to tune the Fermi gas with two balanced spin states
|F =1/2, mp = £1/2) into the unitary limit. The power of

the isotropic optical trap is increased to Py for initially loading
the cold atoms (P, = P, = F), then slowly decreased to P; for
performing the evaporative cooling. Finally, we adiabatically
increase the power to P, for reducing the anharmonicity of the
trap before exciting the breathing mode (see time sequence
in Fig. 6). The atomic temperature and density are controlled
by optical powers P; and P, respectively. The atom number
is N = 3 x 10* for a typical experiment, and the asphericity
8 = (Wmax — ®min)/@p 1s about 4.9%, where wmax, Wmin, and
@ are the maximum, minimum, and geometric mean frequen-
cies along three axes, respectively. During the experiments,
the relative fluctuations of the trap frequency and anisotropy
are both smaller than 1.0%.

To excite the breathing mode, we sinusoidally modulate the
optical field at frequency 2w, for four periods, making the
atomic cloud sizes oscillate in phase along three axes. After
the modulation, we let the system evolve for a hold time ¢
and then image the cloud simultaneously along the y and z
directions after a time of flight of 1 ms. The breathing mode
oscillation is characterized by

X () _
(X))

where (rl-z)(t) is the mean-square cloud radius in the ith di-
rection and (), (r?)(¢)) is the average value of each data
set (see Appendix A). As shown in Fig. 1(c), the oscilla-
tion is fitted with a damped sinusoidal function Ag = §Ap sin

AB(t)E lv (l.:x,va)’ (l)
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(wpt + @) exp(—I'pt), where Fig. 1(d) shows the enlarged
view of the second data set. The temperature is T /Tp =
0.29(1). Remarkably, with a large trapping frequency wy =
2m x 716 Hz, the oscillation can persist for tens of millisec-
onds. The oscillation frequency is wp = 27 x 1439(1) Hz =
2.01wy, and the damping rate is ['s = 18(4) s~!. The normal-
ized damping rate to the oscillation frequency, i.e., I'g/wpg,
is as small as 0.002, which is improved by a factor of two
compared with the previous work [25]. We note that the
breathing mode of a 2D Fermi gas with SO(2,1) symmetry
has been measured at the University of Cambridge, and they
obtained a normalized damping rate of 0.025 [13]. To the best
of our knowledge, the normalized damping rate obtained in
this work is the smallest for the strongly interacting Fermi
gas [28]. Additionally, we could excite the breathing mode
by suddenly changing the power of the optical trap [13].

For comparison, we also measure the breathing modes
with the SO(2,1) symmetry broken [see Figs. 1(e)-
1(g)]: (1) on the Bose-Einstein condensate (BEC) side
(1/kpa ~ 0.83, kr is the Fermi wave vector and a is
the s-wave scattering length) in an isotropic trap, the
oscillation frequency is wg =~ 2.11(1)wy, and the damping
rate is ['g/wp =~ 0.01; (2) at unitarity (1/kpa — 0) in a cigar-
shaped trap whose aspect ratio is about 10, the oscillation
frequency is wp &~ 1.83(3)w, (w, is the radial trapping fre-
quency) and the damping rate is ['g/wp = 0.13; (3) on the
BCS side (1/krpa =~ —0.34) in an isotropic trap, the oscil-
lation frequency is wp =~ 1.96(1)wy and the damping rate
is I'p/wp =~ 0.006. The above three examples indicate that,
when the SO(2,1) symmetry is broken due to either strong
anisotropy or away from resonant interaction, the oscillation
frequency deviates from twice the trapping frequency and the
damping rate increases. The slight shift in frequency could
be predicted by the mean-field theory [29] and the increasing
damping could be roughly analyzed with the hydrodynamic
theory in the high-temperature limit [30,31].

III. BREATHING MODE
AT LARGE EXCITATION AMPLITUDES

As predicted by the SO(2,1) symmetry, another unusual
behavior of the breathing-mode frequency is its independence
on the excitation amplitude. In Fig. 2(a), we increase the
excitation amplitude §Ap to as large as 0.52 of the initial
cloud size and the oscillation frequency remains still at wp ~
2wy. We also observe a constant breathing-mode frequency
at wp & 2wy for different excitation amplitudes in Fig. 2(b).
The large-amplitude oscillation corresponds to the coherent
superposition of conformal-tower states [Fig. 1(b)] and goes
beyond the linear excitation regime studied before [22,23].
The SO(2,1) symmetry induces the decoupled breathing mode
and consequently results in the independence of the oscillation
frequency on the excitation amplitude. Away from resonant
interaction with the SO(2,1) symmetry broken, amplitude-
dependent frequency shift and mode coupling effect arise
[32], which has been observed in an anisotropic trap [33,34].

The insensitivity of the frequency to the amplitude suggests
that this breathing motion is an interacting analog of the
Boltzmann breather. In fact, this connection can be strength-
ened by the observation that the Wigner function for the uni-
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FIG. 2. Breathing mode at large excitation amplitudes. (a) The
breathing oscillation at a large excitation amplitude Az = 0.52. The
error bar is the standard deviation of three measurements. The black
solid curve is a sinusoidal fit of the data, which gives the oscillation
frequency wp = 2w x 1425(2) Hz =~ 2w,. The inset shows typical
atomic images (230 x 230 um?) from 0.8 to 2.0 ms, correspond-
ing to the red dots. (b) Breathing-oscillation frequency wg/wy for
different excitation amplitudes. The trap anharmonicity has been
corrected. The blue dashed line indicates the value wg/wy = 2. The
error bar comes from the sinusoidal fitting. Here, the temperature is
T /Ty = 0.24(1), the atom number is N = 1 x 10°, and the trapping
frequency is wy = 2w x 720 Hz.

tary Fermi gas satisfies the streaming term of the Boltzmann
equation [35], similar to how the Boltzmann breather was first
predicted. We also note that similar physics has been observed
in weakly interacting 2D quantum gases [13,14] due to the
classical SO(2,1) symmetry, while for the strongly interacting
2D Fermi gas, the damping rate I'p/wp increases by about
ten times from its value in the weak interacting limit and the
oscillation frequency shifts up away from twice the trapping
frequency due to quantum anomaly [18,19].

IV. ROBUSTNESS OF THE SO(2,1) SYMMETRY
IN THREE DIMENSIONS

To demonstrate the robustness of the SO(2,1) symmetry,
we study the breathing mode at different atomic densities and
temperatures. When the central atomic density ng varies from
6 x 102 to 2 x 10'3 cm™3, or the temperature 7 /Ty changes
from 0.29 to 0.44, the oscillation frequency of the breathing
mode is always equal to twice the trapping frequency (see
Fig. 3), and the damping rate remains always close to zero
(see Fig. 4). This independence of atomic density and temper-
ature is in direct contrast with the 2D situation, where the in-
crease of the atom number or finite-temperature thermal fluc-
tuation will induce the system to enter the 3D regime, result-
ing in a large damping rate and downward shift of the oscilla-
tion frequency [18,19]. Previously, the temperature-dependent
variation of the oscillation frequency and damping rate has
been extensively studied in an anisotropic trap [36—42]. Here,
the constant oscillation frequency wp/wo & 2 and nearly zero
damping rate are protected by the SO(2,1) symmetry.
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FIG. 3. Oscillation frequencies of the breathing mode at different
atomic densities and temperatures. (a) The normalized breathing-
mode frequency wg/wy vs the central atomic density ny. Here,
T/Tr = 0.29. (b) wg/wy vs the reduced temperature 7 /7. Here,
ny = 1.9 x 10" cm™3. wy is the trapping frequency and Ty is the
Fermi temperature. The error bar is the fitting uncertainty of the
damped sinusoidal function. The blue dashed lines on both panels
denote the value wg/wy = 2.

V. FACTORS AFFECTING THE RESIDUAL DAMPING

The damping rate of the breathing oscillation is very small,
but not zero. Next, we analyze the factors that affect the small
residual damping of the breathing mode. We also excite the
quadrupole mode (¢ = 2, |m| = 2) by applying a sinusoidal
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FIG. 4. Damping rates of breathing and quadrupole modes at
different atomic densities and temperatures. (a) Breathing-mode
damping rate I's/wp vs the central atomic density ny (blue circles).
The blue dashed line denotes the zero value. As a comparison,
the quadrupole-mode damping rates I'g/w are also shown (red
squares). The dashed red line denotes the average value 0.04. The
error bar is the fitting uncertainty of the damped sinusoidal function.
Here, T/Tr = 0.29. The inset shows a typical oscillation of the
quadrupole mode. (b) I's/wp vs the temperature 7 /Tr. The blue
dashed line denotes the zero value and the red dashed line for linearly
fitting the data of ['p/wg. Here, ng = 1.9 x 10" cm™3.

asymmetric modulation of the trap in the x — y plane at the
frequency /2w, for four periods. The atomic cloud sizes
oscillate out of phase along the x and y axes, while the

width along the z axis is nearly constant. The quadrupole

2\ (N 142
oscillation is described by Ap(f) = %
g 3

dataset for A(¢) is shown in the inset of Fig. 4(a), where the
oscillation frequency is wp = 2w x 1033(6) Hz ~ V2w and
the quadrupole mode decays rapidly after several milliseconds
with a damping rate I'p = 252(51) s™!, in direct contrast to
the breathing mode.

The observed damping rates of the breathing and
quadrupole modes can be analyzed using hydrodynamic the-
ory [30]. Starting from the Navier-Stokes equation, the scaling
factors b;(t) obey the differential equations (for details,
see Appendix D):

A typical

b,‘ 602 2 O_lsh
i _ 2 _ 7S L 2
(l)l m(rlz>0b12 Oii, ( )

b ()
where i, j=x,y,z, & =N"! [no(r)ag(n)dr is the trap-
averaged shear viscosity coefficient, and oy = 25,»/1),- —
(2/3) 3, bj/b;. The bulk viscosity is set to zero as it vanishes
for scale-invariant interactions [11]. When the harmonic trap
is isotropic (o;; = 0), the shear viscosity does not couple to the
isotropic motion and then the breathing mode is undamped.
In an anisotropic trap (o; # 0), the shear viscosity &, will
couple to the breathing mode, producing damping. Expand-
ing the solution for a small asphericity § up to the second
order gives the following estimates for the damping rates (see
Appendix D):

Ty 16y8?
w5 9+ 362
o v
— = —, (3)
wo N2
ha,

"7 ),

where (riz)o (i = x,y, z) is the mean-square cloud radius along
the ith axis without excitation in the trap. According to
Eq. (3), &, can be extracted by measuring the damping of the
quadrupole mode, which can be further used to calculate how
the asphericity § affects the damping of the breathing mode.

In Fig. 4(a) with a constant temperature 7 /Tr = 0.29, both
& and wo(r?)o = H(3N)'3/(3m)E /EF remain unchanged.
According to Eq. (3), I'g/wo should also be constant. The
red dashed line in Fig. 4(a) denotes the average value of
I'p/wo = 0.04, which corresponds to &; = 0.77. The theoret-
ical value in the high-temperature limit is &, = 0.48 [43-45]
and the measured value in the previous experiment is about
0.73 [45]. In Fig. 4(b) with a nearly constant central atomic
density np = 1.9 x 103 cm—3, one expects & « (T /Ty )3 and
(r?)o o< (T /Tr)* [44]. Thus, Eq. (3) states that I'p/wg should
vary linearly with temperature 7' /Tr. A linear fit to the data in
Fig. 4(b) provides I'g/wg = 0.175(4)T /TF.

Figure 5 shows the residual damping rates of the breathing
mode in a very small range. With Eq. (3) we can calculate
the breathing-mode damping rate caused by the asphericity:
for constant temperature at different atomic densities, it is
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FIG. 5. Residual damping rate of the breathing mode. (a) and
(b) are the enlarged views of the residual damping rates I'p/wp of
the breathing mode in Figs. 4(a) and 4(b), respectively. Here, the
asphericity is § = 4.9%. The blue dashed lines denote the asphericity
corrections of ['g/wp calculated with Eq. (3) and are in the order of
10~*. The damping rate I'p/wp of the dipole mode is 0.0025(13),
where the average value is represented with the red dashed line
and the uncertainty is indicated with the red shadow. In (c), the
asphericity is increased up to about 18%, showing its obvious effect
on the damping rate. The asphericity contribution is denoted with the
blue dashed curve calculated with Eq. (3). The sum of the dipole-
mode damping rate and asphericity contribution is represented by
the red dashed curve with the red shadow. The error bar is the fitting
uncertainty of the damped sinusoidal function.

given by I'z/wp = 2.5 x 10™* [Fig. 5(a)]; for a fixed density
at different temperatures in the range 7/Tr = (0.29 — 0.44),
it increases from 3.1 x 107 to 4.6 x 10™* [Fig. 5(b)]. We
also estimate the effects of the trap anharmonicity and bulk
viscosity. Since the trapping frequency is large with wy =
2w x (501 ~ 1121) Hz, the maximal correction of the damp-
ing rate from the trap anharmonicity is about 1.5 x 107*
(see Appendix D). Even at a large excitation amplitude as
in Sec. III, the damping rate arising from the trap anhar-
monicity is comparably small. When the magnetic field is not
exactly at the Feshbach resonance, the bulk viscosity is no
longer zero. We deliberately tune the magnetic field about 2 G
away from the resonant interaction, and in this condition, the
damping rate arising from bulk viscosity is about 6 x 1076
(see Appendix D). Overall, the influences of the asphericity,
anharmonicity, and bulk viscosity are about one to three orders
smaller than those observed in our experiment.

The final source of the damping is the technical fluctua-
tions, such as variations of the optical intensity, beam position,
stray magnetic fields, and so on. We estimate these effects by
measuring the dipole mode (see Fig. 7). The average value
of the dipole-mode damping rate I'p/wp is 0.0025 and its
uncertainty is 0.0013, which are also shown in Figs. 5(a)
and 5(b). The residual damping rate of the breathing mode
is on the same order of that of the dipole mode [46]. So,
the breathing-mode damping in our experiment is probably
limited by residual technical fluctuations [13].

Laser power

P,

TT
gl

[ |1
1500 ms t 70ms t; t

25ms t; thoq Probe

FIG. 6. Time sequence of the isotropic optical trap. The initial
power of the isotropic optical trap is Py = 380 mW. Then, the optical
power is slowly decreased to P; during the evaporative cooling pro-
cess and adiabatically increased to P, before exciting the collective
mode. t; » 3 are the equilibrium times of the system: #;, & 20 ms, t, &
100 ms, #3 &~ 30 ms. The collective mode is excited by sinusoidally
modulating the optical power at the frequency of the mode for four
periods ... After different holding times #,,4 in the trap, the atomic
cloud is probed after a time of flight of 1 ms.
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FIG. 7. Measurement of the dipole mode. (a) FFT spectrum
of the center-of-mass oscillations in the imaging coordinates
(x',¥', 7). The red, green, and blue curves with shadows represent
the multiple-Gaussian fitting of the FFT data (colored circles) along
the x’,y’, and 7' directions, respectively. There is a small angle
between the imaging coordinate system (x', ', z') and the cold-atom
coordinate system (x, y, z). The FFT spectrum along the x” direction
has two peaks of dipole-mode frequencies w, and w,, y" direction
includes w, and w., and 7’ direction includes w,, w,, and w,, as
shown with vertical dashed lines. (b) Center-of-mass oscillations
vs the holing time ¢ in the trap. Ax’, Ay, and Az represent the
center-of-mass displacements away from the equilibrium positions
in the imaging coordinates (x,)’,z), where Dbeat-frequency
signals are obviously present. Each black solid curve denotes
the fitting of a damped sinusoidal function including the FFT
frequency components obtained in (a): along the x’ direction, the
fitting function of Eq. (B1) gives that (A,,A;) = [—11(1),9(1)],
(wy, ;) =2 x [917.1(5), 891.4(11)] Hz, and (T'y/w,, I';/w;) =
[0.0015(4), 0.0028(12)]; along the y direction, the fitting
function of Eq. (B2) gives that (A,,A;)=[-2.3(5),5.7(5)],
(wy, ;) = 2 x [859.2(17), 889.1(20)] Hz, and (I'y/wy, I';/w.) =
[0.0034(17),0.0031(17)]; along the z direction, the fitting
function of Eq. (B3) gives that (A, A,,A;) = [5(1),4(1), 23(1)],
(wx, wy, w;) = 2w x [913.5(8), 867.9(10), 889.9(12)] Hz, and
Ty/ox, Ty/w,, T /o) =[0.0022(3), 0.0021(15), 0.0022(22)]. The
value in the parenthesis denotes the fitting uncertainty.
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As a final check, in Fig. 5(c), we increase the asphericity
6 to study its effect on the damping rate. The asphericity is
controlled by adjusting the relative powers of two laser beams
Py and P, [Fig. 1(a)]. The atomic density and temperature are
fixed at np = 6 x 10'> cm™3 and T/Tr = 0.29, respectively.
We assume that the technical fluctuation contributes equally to
dipole and breathing modes. A larger asphericity would lead
to an increased damping rate of the breathing mode, which
can be estimated by Eq. (3) after obtaining the shear viscosity
a, from the quadrupole-mode measurement. The sum of the
dipole-mode damping and asphericity correction provides a
satisfactory agreement with the experimental results.

VI. CONCLUSION AND OUTLOOK

In conclusion, we have experimentally realized a long-
lived breathing oscillation in an isotropic unitary Fermi gas.
This motion is protected by the SO(2,1) symmetry and is the
interacting analog of the Boltzmann breather. The SO(2,1)
symmetry in three dimensions is demonstrated to be robust
in the strongly interacting regime, different from the 2D situ-
ation. The factors that affect the residual damping rate of the
breathing mode are also clarified.

Our work opens a new way to study the nonequilibrium
dynamics in a strongly interacting quantum system. The long-
lived isotropic breather in three dimensions provides a unique
opportunity to study the quenched dynamics, thermaliza-
tion, and hydrodynamics related to the conformal symmetry
[24,47,48]. It also provides the platform to study geometrized
quantum dynamics with the SU(1,1) symmetry present in an
isotropic unitary Fermi gas [49,50].

Bulk viscosity is an interesting quantity to measure but is
difficult because shear viscosity is usually much larger and
masks the signal. To measure the bulk viscosity, one should
suppress the effect of the shear viscosity. In a spherical trap,
the relative transverse velocity is zero for an isotropic motion
and subsequently the contribution of the shear viscosity is
negligible [25]. By probing the breathing mode, we can
measure the bulk viscosity along the BEC-BCS crossover
[31,51,52] or at a narrow Feshbach resonance [53] in the
future.
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APPENDIX A: EXPERIMENTAL METHODS

1. Preparation of the unitary Fermi gases in an isotropic trap

We first prepare an ultracold °Li atomic Fermi gas
with a balanced spin mixture |F = 1/2, mg = +1/2) in an

elongated optical dipole trap (ODT). Two elliptic 1064-nm
optical beams, propagating along the x and y axes (P, and
P,), respectively, form the isotropic trap. The elliptic cross-

sectional aspect ratio of the optical beam is +/2, and the
waist radius along the minor axis is 60 um. A magnetic field
with a gradient B, = 1.05 G/cm is applied along the z axis
to simultaneously compensate the gravitational force of the
two spin components. A pair of Feshbach coils produces a
homogeneous magnetic field of 832 G to tune the interatomic
interaction to the unitary limit. We transfer the unitary Fermi
gas to the isotropic trap with an efficiency of more than 90%,
by lowering the power of the elongated ODT while simultane-
ously increasing the power of the isotropic ODT over a period
of 25 ms.

2. Time sequence of the isotropic optical trap

The time sequence of the isotropic optical trap is shown
in Fig. 6. The power of the isotropic optical trap is increased
from zero to Py in 25 ms for initially loading the cold atoms
(P, = P, = Py = 380 mW), slowly decreased to P; in 1500 ms
for performing the evaporative cooling, and then adiabatically
increased to P, in 70 ms for reducing the anharmonicity of the
trap. t; » 3 are the equilibrium times of the system: #; ~ 20 ms,
ty ~ 100 ms, 3 & 30 ms. The temperature 7 /Tr and central
atom density ng are controlled by optical powers P; and P,
respectively. The collective mode is excited by sinusoidally
modulating the optical power at the frequency of the mode for
four periods #.x.. After different holding times #,014 in the trap,
the atomic cloud is probed simultaneously along the y and z
directions after a time of flight of 1 ms.

3. Probing the widths of the atomic cloud

After different holding times ¢ in the trap, the atomic cloud
is imaged with a time of flight of 1 ms, tror = 1 ms. Two laser
beams with a frequency difference of 76 MHz, propagating
along the y and z directions, respectively, are applied to detect
the two spin states, obtaining the widths along three axes. We
determine the mean-square cloud radius (riz)(t) fori=x,y,z
by using a Gaussian fit of the density distribution, which is
corrected by the finite-temperature Thomas-Fermi function at
low temperature. The mean-square radius without excitation
in the trap (rl.z)o can be determined by expanding the equilib-
rium gases and dividing the atomic radius with the expansion
factor (1 4+ wjtiyp). For the breathing mode as in Fig. 1(c),
there are five data sets, each of which is composed of about 12
data points, and the average radius (>, (riz) (t)) is obtained for
each set. For the quadrupole mode as in the inset of Fig. 4(a),
only one data set is shown due to its short lifetime and applied
to get the average radius (((r?)(1) + (r)(1))).

APPENDIX B: MEASUREMENT OF THE DIPOLE MODE

A pulsed gradient-magnetic field is switched on to push
the atomic cloud away from its equilibrium position. Then,
the center-of-mass oscillations versus the holing time ¢ in the
trap are probed by two perpendicular CCDs. Because there
is an angle between the imaging coordinate system (x', ¥, z’)
and the cold-atom coordinate system (x,y, z), the dipole-
mode oscillations in different directions of the cold-atom
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coordinate will be projected onto the center-of-mass os-
cillations in one direction of the imaging coordinate. The
dipole-mode oscillations are shown in Fig. 7. A signal ex-
hibiting the beat frequency emerges in the center-of-mass
oscillation along each direction, which is also observed
in Ref. [54]. The fast-Fourier-transform (FFT) spectrum of
the center-of-mass oscillations in the imaging coordinates
(', ¥, ) clearly display the components of the dipole modes
(wy, wy, w;). We use a damped sinusoidal function composed
of the FFT frequency components to fit the center-of-mass
oscillation in the imaging coordinates (x', ¥, 7').

The FFT spectrum along the x” direction has two peaks of
dipole-mode frequencies w, and w,, y" direction includes w,
and w,, and 7’ direction includes w,, wy, and w,. Then, along
the x’ direction, the fitting function is

AX'(t) = Z[A,- sin(w;t + ¢;) exp(=T';t)], (i =x,2), (Bl)

where A; is the oscillation amplitude, w; is the oscillation
frequency, ¢; is the initial phase, and I'; is the damping
rate. We obtain (Ay,A;) = [—11(1), 9(D)], (wyx, w;) =27 X
[917.1(5), 891.4(11)] Hz, (¢, ¢;) =[—0.65(8),5.01(14)],
and (I'y /oy, T';/@;) = [0.0015(4), 0.0028(12)]. The values in
the parentheses denote the fitting uncertainty.

Along the y’ direction, the fitting function is

(i=y2).
(B2)

AY(t) =) [A;sin(it + ¢;) exp(=Tit)],

i

We find (Ay,A;) =[-2.3(5),5.7(5)], (wy, w;) =27 X
[859.2(17), 889.1(20)] Hz, (¢y, ¢,) = [1.5(2),2.8(1)], and
(Ty/wy, T';/w,) = [0.0034(17), 0.0031(17)].

Along the 7’ direction, the fitting function is

AZ'(t) =) [Aisin(wyt + ¢;) exp(=Tit)],

i

(i=x,y 2.
(B3)

We obtain (A, Ay, A;) = [5(1),4(1),23(1)], (x, @y, ;)
=21 x [913.5(8), 867.9(10), 889.9(12)] Hz, (¢y, ¢y, ¢.) =
[0.5(2), —1.9(4), —=0.78(6)], and (I'y/w.,Ty/w,,T';/w,) =
[0.0022(3), 0.0021(15), 0.0022(22)].

Averaging all the damping rates I'p /wp of the dipole mode
obtained above, we get I'p/wp = 0.0025(13), which is used
in Fig. 5.

APPENDIX C: SO(2,1) SYMMETRY
IN A 3D UNITARY FERMI GAS

The unitary Fermi gas confined in an isotropic harmonic
trap has SO(2,1) symmetry, which has been introduced with
details in Ref. [8]. A spherically trapped unitary Fermi gas of
N atoms is described by the Hamiltonian

N
H = Z (——V2+ lmwg 2) (C1)

where the interaction between atoms could alternatively be
characterized by a short-range boundary condition obeyed
by the wave function ¥ (r — 0) ~ 1/r. Let us introduce

raising/lowing operators,

N H mwy _ 5

2 h h
o (€2)
3N . H mwy _,
L =-"—_—D+—— — —2x?,
2 fla)() h
where D = X - dg and X? = Z = 1’" It is found that
[H, Ly] = 2hwoLy,
[H,L_] = —2hwoL_, (C3)
Lo ]=—a1
Ly L] = g

which satisfies the algebra of SO(2,1). Repeating action L. on
the lowest ground state |yy) with energy Ey, we find

Ly |Yo) =

n n

HL,.. (Eo + 2nfiwg) Li...Ly |Y).  (C4)
——— ———

Also, repeating action L_ on the state |{) with energy E, we
find

HL ..L_|y) = (E — 2nhwo) L_...L_ | ). (C5)
——— ——

n n

Obviously an infinite number of excitations with energies
2nw exists, which we will identify with the breathing modes
of the system.

APPENDIX D: CALCULATION ON THE COLLECTIVE
OSCILLATIONS AND DAMPING

We consider collective oscillations of a unitary Fermi gas
in the framework of hydrodynamic theory. The basic equa-
tions of hydrodynamic theory are the continuity equation [30]

on
—+V-(mv) =0

” (D1)

and Euler’s equation

|:n2 +n(v - V)] v;
ot

1 0Vext 1 0 ,
== —— — —_— ii 8,“ s
;i m 0r; +m;8rj(noj+§30 »)

(D2)

where n(r, t) is the atom density, v(r, t) is the velocity field,
p(r, t) is the local pressure, Vex (T, ) is the external potential,
and o0;; = 0v;/dr; + dv;/dr; — 28;;V - v/3 is the shear stress
tensor and ¢’ = V - v. Here, n and ¢ are the shear and bulk
viscosities, respectively.

To solve the hydrodynamic equation, we adopt an ansatz
for the density profile at time ¢ [30],

( ) 1 Xy z
nx,y,z, = ————h Ty 5 |
Pz bbb, "\b, b, b,

which relates the density profile n(r, ¢) at time ¢ to the equilib-
rium density profile ny(r), with the time dependence entirely
contained in the scaling factors b;(¢) for i = x, y, z. Inserting

(D3)
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this ansatz into the hydrodynamic equations, we find that the
scaling factors satisfy

bi w? 3ie?

’ l ; (@01 + apo’), (D4)

b~ Bbdyb B T 2505

where wj; is the trapping frequency along the ith axis, @, 5 =
N1 f noa g dr is the trap-averaged shear (bulk) viscosity,
and 522) = Y, (mw?r?/2) is the initial total potential energy.
The bulk viscosity typically vanishes for unitary Fermi gases,
soap = 0[11].

For small oscillations, Eq. (D4) can be linearized by setting
bi(t) ~ 1+ ¢(t) with €;(t) < 1, leading to the equation

d’¢; " 3aho? d

dr? 522) dt
where € =), ¢;/3. Introducing a geometric mean fre-
quency @y = (w,wyw;)"/? and a dimensionless time T = wy,
Eq. (D5) becomes

d26,' w; 2d (O] 2
— 4 =2) —(e - 2 =) (e =0
o + 7/(@)) dr(e €)+ (wo) (ei+¢€)

(D6)

for i = x,y, z, where we have defined a dimensionless damp-
ing rate

(€; — €) + 2w (e +€) =0, (D5)

3ahwo
y=——".
260

For a breathing mode in an isotropic trap with w; = wy, the
cloud sizes along the three axes oscillate in phase, i.e., €; =
€. In this case, the second term in Eq. (D6) vanishes, and
the system admits an undamped breathing solution with an
oscillation frequency wg = 2wy. The quadrupole mode stud-
ied in our experiment, on the other hand, exhibits oscillations
with opposite phases along the x and y directions, i.e., €, =
—e, and €; = 0. From Eq. (D6), this gives a solution for the
quadrupole oscillation with a frequency wgp = V2w, and a
damping rate I'p = wpy.

In our experiment, there is still a residual damping ob-
served in the breathing oscillation. In the following, we are
going to discuss the possible reasons, such as trap asphericity,
trap anharmonicity, and bulk viscosity.

(D7)

1. Damping due to asphericity

We assume cylindrical symmetry, where o, = 0, = w; >
w;. In the condition with €, = €, = €, # €., Eq. (D6) leads to
two coupled equations. In the presence of slight asphericity,
ie., 6 = (w1 — w;)/wy K 1, expanding these equations up to
the second order in §, we obtain

d’e; 26 8%\ d
+2( 1+ —+ = J/E(Q_—e)

dz? 373
5 82
+2 1+§+3 (e +€)=0, (D8)
e (45 2 d o
— —— 4+ —|y—(¢, —¢€
dz? A T
2% 82

By solving Eqgs. (D8) and (D9) perturbatively up to the
second order in §, we obtain the damping rates for the two
eigenmodes:

r 32y52
“B A L, (D10)
wo 9+ 362
I'o 2 y (=27 +20y%) ,
Lay Sy T 52 D11
o VT3V T 36,2 O

The influence of asphericity on the damping of the quadrupole
mode is negligibly small, so we have I'g/wo =~ y. It is
important to note that the quadrupole mode described by
Egs. (D8) and (D9) corresponds to (I =2, |m| = 0). The
quadrupole oscillation excited in our experiment corresponds
to (I =2, |m| =2)withe, = —¢, and €, = 0. Using the same
method, we could calculate that the damping rate of the
quadrupole oscillation measured in the experiment is nearly
identical to that of the quadrupole mode corresponding to
(I =2,|m| = 0), as given by Eq. (D6). From the measured
I'p/wp, we get the value of y. Then, using Eq. (D10) with
6 =4.9%, we can calculate damping rate of the breathing
mode, I'g/wp = 2.5 % 10~4, as shown in Fig. 5(a).

The temperature dependence of the damping rate for the
breathing mode can be estimated experimentally as follows.
From Egs. (D7) and (D11), the damping rate of the quadrupole
mode is given by

FQ ~ 34/3mw061S Ep 2
E 9

R (D12)
wQ 2327 hn(z)/ 3

where wg is the frequency of the quadrupole oscillation.
Since E/Er « T /Ty and &, o (E/Ep)*(T /Tr)*?, we de-
duce that T'p/wg o T/Tr. In the main text, the data for
Ip/wp is fitted with the linear relation I'g/wg = &T /TF,
yielding & = 0.175(4). Using this result in Eq. (D10), we
find that 'z /wp increases from 3.1 x 107 to 4.6 x 1074, as
shown in Fig. 5(b). Then, the damping rate for the breathing
mode induced by asphericity is found to be approximately one
order of magnitude smaller than the experimentally measured
values.

2. Damping due to anharmonicity

As the cloud size increases during excitation, anharmonic-
ity becomes significant. This anharmonicity can contribute
to the decay of collective oscillations and influence the
oscillation frequencies. In our experiment, the trapping poten-

tial experienced by the atoms is described by
Ve(r) = Upl2 = (72" 4 &7 /whye /2] (D13)

where w , are the beam waists and Uy is the potential depth
at the trap center. Expanding Ve (r) to fourth-order terms in
r, we obtain

Ve 1\ B2\ ()

o ”5(@) ) (—) +<a—m>

M ORBICRCIR)
4 \ano 2 \ano Aho 2 \ano Aho ’

(D14)
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where B = hwy/4U) is the anharmonicity coefficient, an, =
V/hi/mawy is the harmonic oscillator length, and the trap fre-
quency is wy = vV4Uy/mw? 4. In our setup, the beam waist
along the z axis is \/_ 2 times that in the transverse direction
(w, = +/2w ), resulting in a spherical trap. Using this anhar-
monic potential, Eq. (D6) leads to

2
ZE;+2V__@L_€)+2@L+E)
4B x o ,3 (x?z?)
_zk 4e —€))=0
ah0< 2, €1 +¢€) = ( €1)
(D15)
T L e+ 2+ o
d2 TV g T O TAG&TE
2B (2o 4B (x*z%)o _
_a_ﬁom(z Z+6)—a—l210 @ (4e —€,)=0
(D16)

In the absence of anharmonicity (8 — 0), these equations re-
duce to those for a spherical trap. The equilibrium values
(x%)0, (20, (xM0, (z*)o, and (x*z%)y are estimated using the
1D density profile of a unitary Fermi gas [39],

. w/Er — x*/R;
n(x, T) o Lis 2[— exp (—x , (D17)
! T/VEsTr
where R, = £/ 4(24N )76 @y, is the Thomas-Fermi radius, p is

the chemical potentlal and &z &~ 0.37 is the Bertsch parame-
ter. Solving Egs. (D15) and (D16), we find the breathing mode
damping rate due to anharmonicity:

FB 48)/

2 p2
L__"r , D18
o 9+362% P (D18)
where
Lic(—eVesu/ksTy T
X = (3N)]/3M (D19)

Lig(—evVan/ksTy Ty

It is indicated that the effect of anharmonicity decreases
as the trap depth increases, and increases as the atomic
cloud size increases. When the trapping frequency is wy =
27 x 501 Hz, the anharmonicity correction of I'g/wp is about
1.5 x 107*. When the trapping frequency increases to wy =
27 x 1121 Hz, the anharmonicity correction is only 6.7 X
1075, This means that, in our experiment, the anharmonicity
correction of the breathing-mode damping rate is about one to
two orders smaller than the experimental measurement.

3. Damping due to bulk viscosity

Bulk viscosity introduces additional damping to the breath-
ing oscillations when the magnetic field is slightly detuned
from resonance, which is likely the case in the experiment. In
the high-temperature limit for a normal gas, bulk viscosity can
be estimated using the virial expansion [31]:

2h
g/_ — (14 v))e" Bi(—v")I2 (1),
(D20)

¢p(r) ~ A -1

where z(r) = e*®/&sT) is the fugacity, with local chem-

ical potential u(r), L =+/27h*/(mkgT) is the thermal

wavelength, and v = A/ (\/an) is the dimensionless interac-
tion strength, with the scattering length a,. Here, Ei(-) denotes
the exponential integral.

The trap-averaged bulk viscosity is then given by

ag ~ 2_\/5)\_31;2[—1 —(1+ 1)2)6"2 Ei(—vz)]/zz(r)dr.
9N
(D21)

The integral in &g can be evaluated using the local density
approximation (LDA), where u(r) = o — Vho(r) and py is
the chemical potential at the trap center. We then have

/ 2r)dr =2} / e 1T gy = (V2 7'[)3—z0, (D22)

which yields

& ~8”21)2[—1—(1+vz)e“2Ei(—v2)] )" o (D23)
5~ 9N w )

Here, zp is determined by the total atom number N =
f n(r)dr. The density distribution can also be obtained using
the virial expansion [10]:

Z2(r)
7

with the second virial coefficient b, = 1/2 in the unitary limit
[55]. Thus, we have

n(r)A> = 2z(r)[1 + 232byz(r)] —

(D24)

n(r)n® = 2z(r) + %ﬁzz(r). (D25)

Integrating this equation over all space, we get

6
aO (o)
N = 16713(%) 20 + 67 < ; ) z.

This equation can be solved perturbatively in the high-
temperature limit (A — 0), yielding

N AG 3N2 ,\12+0x18
T Yo \an )~ 204876 \apg ae)

(D27)

(D26)

Finally, the trap-averaged bulk viscosity becomes

N e B () o)
ap ~ v - v9)e” Ei(—v .
P 288 ano
In our experiment, assuming a magnetic field detuning of 2
G from the resonant interaction, we obtain &g ~ 1.08 x 10~%.
Using Eq. (D4), the damping rate of the breathing mode
caused by bulk viscosity is

Ty 3hag

—_— " —, D29
wp 4ma)o(rf)0 ( )

which gives approximately 6 x 107® for conditions where
T/Tr =0.29 and ny ~ 1.9 x 10'* cm™3. This suggests that
the bulk viscosity correction to the breathing-mode damping
rate is two to three orders of magnitude smaller than the
experimental measurement.
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