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We experimentally and theoretically characterize the temporal rotation and radial twist of the interference
pattern of a vortex beam with its conjugate copy. To quantitatively study the temporal rotation and radial
twist, we controllably modify the conjugate beam to obtain a frequency or wavefront curvature difference
using a movable Mach-Zehnder interferometer. The effects of the physical parameters (i.e., the topological
charge, frequency difference and wavefront curvature difference of the vortex beams) on the temporal rotation

as well as radial twist are systematically explored. We further measure two parameters, the rotation velocity
0 and twist coefficient a, respectively, to characterize the degree of the temporal rotation and radial twist of
the interference pattern. The theory of the interference model on vortex beams has good agreement with the
experimental results. This work is helpful for study on the detailed structure of the interference pattern and
manipulation of matter with superimposed vortex beams.

1. Introduction

Vortex laser beams possessing an azimuthal phase structure exp(i/¢)
carry orbital angular momentum (OAM) of /7 per photon, where / is
an integer number, referred to as the topological charge (TC) [1,2].
Laguerre-Gaussian (LG) beam is a typical vortex optical beam. The
magnitude of TC expresses the number of 2z phase cycles around
the singularity, and the sign indicates the rotation direction of the
wavefront around the central axis. Due to the special property with
controllable OAMs, the vortex optical beams have been extensively
used in diverse research areas, including optical communication [3,4],
optical imaging [5], manipulation of mesoscopic objects [6-8], and
production of vortex states in ultracold quantum gases [9-13].

Interferometry is a fundamental method to explore the charac-
teristics of the vortex laser beam and its applications [14-22]. The
structure of the interference pattern strongly depends on the relative
parameters of vortex beams [23-26]. When there exists a frequency or
wavefront curvature difference between two interfering vortex beams,
the temporal rotation or radial twist will emerge in the interference
pattern [27-29], respectively, which has potential applications. For
example, the twisted interference fringes were proposed to enhance the
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gradient force exerted by the Tornado-like pattern upon micro-particles
in optical tweezers [30], measure the curvature radius of a concave
mirror or convex lens [31], and perform the high-resolution refractive
index sensing [32,33]. The rotating interference pattern has broad
applications in manipulation of cold atoms, such as generating artificial
gauge electromagnetic field [34], exploring quantum Hall physics [35],
rotating single atoms [36], and so on. Previous works have observed
the rotation and twist effects of the interference pattern mainly based
on the visual inspection [27-29,37,38], not providing quantitative
information. The knowledge of the detailed structure of the optical
interference pattern is required to understand the interaction between
matter and superimposed vortex beams. Quantitatively characterizing
the temporal rotation and radial twist of the interference pattern is
favorite to extend the applications of vortex beams.

In this paper, we quantitatively characterize the temporal rotation
and radial twist of the interference pattern of a vortex beam with its
conjugate copy. To study the radial twist, we modify the conjugate
beam to obtain a wavefront curvature difference using a movable
Mach-Zehnder (MZ) interferometer. To study the temporal rotation,
we modify the conjugate beam to obtain a frequency difference using
two acousto-optic modulators (AOMs). The effects of the physical pa-
rameters (i.e., the TC, frequency difference and wavefront curvature
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difference of the vortex beams) on the temporal rotation as well as
the radial twist are explored. We further measure two parameters, the
rotation velocity £ and twist coefficient a, respectively, to characterize
the degree of the temporal rotation and radial twist of the interference
pattern. The theory of the interference model on vortex beams has
good agreement with the experimental results. Here we study the
interference between the vortex beam and its conjugate copy. The
method demonstrated is also applicable to other kinds of vortex beams.

2. Theoretical analysis

The vortex beam contains a phase singularity where the intensity
vanishes [39,40]. For a LG beam, the scaled electric field is

E(r, ¢, z,t) = A(r) exp[—if(r, z)] exp(—iwt) exp(—il ). 0
0(r, z) = _i+(2 + 1] + Darctan(=) + kz + 9 @
2Re P Zr =
— LG p |l 0 \/— (LIS _i
A(r) = E C, (wz(z) ) w(z) w(z)) xp( 2 ), (€))

where w is the laser frequency, r is the radius, ¢ is the azimuthal angle,
z is the propagation distance, w(z) = wyV/1 + (z/zg)? is the beam radius
and w, is the waist radius, zx = zz:w(zJ /4 is the Rayleigh length with
the wavelength A, k = 2z/4 is the wave vector, L“I is an associated
Laguerre polynomial, CLG A : 22t s the normalization coefficient,
9 represents the addltlonal phase slnft induced by the optics in the
optical path, p is the radial index, and / is the azimuthal index (referred
as the TC) [41]. The radius of the wavefront curvature is

22
R(z) = z(1 + —’2‘). )]
Z

We consider the simple case with p = 0. By interfering two co-
propagating LG beams, we obtain the intensity distribution [27,42],

nce )
—|E1 + E,|

nce

1

[Al(r)z+A2(r)2+2A1(r)A2(r)cos( —Alp — Awt — 40)], (5)

where Al =1 -1, Aw = w; — w, and 40 = 0, — 0,. ¢ is the dielectric
constant, n is the refractive index, and c is the speed of light. The
azimuthal angle for the maximum intensity of the bright interference
fringe is
2mr + Awt + A0
Al ’

where m is an integer.

Here we consider that a vortex beam interferes with its conjugate
copy. Then I, = —I; and Al = 2I,. From the first term on the right
of Eq. (6), the number of the bright interference fringes in one circle
equals |4/|, twice the magnitude of the TC. The temporal rotation and
radial distribution of the bright interference fringes depend on 4w, 40
and Al, which are related to the other two terms of Eq. (6). So we will
analyze the structure of the interference pattern from two aspects as
follows.

First, when there is a frequency difference 4w # 0, ¢,,,, is time-
dependent, and the whole interference pattern will rotate around the
central axis. The rotation velocity is

= Pmax - _Ao @
ot Al
Adopting the convention of the right-hand coordinate system, when
signs of Aw and Al are the same, the interference pattern will rotate
clockwise (2 < 0), and vice versa. So with the knowledge of Aw and
Al, we can determine the temporal rotation of the interference pattern.

Secondly, 46 in Eq. (6) can be written as

1
Ri(z)  Ry(2)

¢max (I )=- (6)

40 = d(z,2,) + g( w2, (8)
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where the term @ varying with z is the so-called Gouy phase, and its
influence on interference pattern has been discussed in Ref. [43]. ¢
is r-dependent. In the case 4w =0, ¢,,,, is written as

max

' 2mr + D(zy, 2,)

Al ©)

¢max =ar
1 1 _ 1
kdp kAR kRO e

__kdr _ _k — kRGO R@ 1
YETya T T2 27w a1

where p = % is the wavefront curvature. When there is a wavefront
curvature difference 4p # 0, the interference fringe will twist along
the radial direction. « is defined as the twist coefficient. If the signs
of Ap and Al are the same, i.e., a < 0, the interference fringe twists
clockwise, and vice versa. So with the knowledge of 4p and 4/, we can
determine the radial twist of the interference fringe. The magnitude of «
characterizes the degree of the radial twist. For the case with p # 0, the
beam has the common phase terms exp[—ikr? /(2R(z))] and exp[—iwt], sO
the presented theory should also be valid.

3. Experimental setup

We have theoretically analyzed the temporal rotation and radial
twist of the interference pattern in Section 2. Then we will observe
these two behaviors in the experiment. Fig. 1 schematically presents the
experimental setup. The diode laser with the wavelength A = 782.7 nm
is a monochromatic laser with a linewidth of about 1.0 MHz. Two
laser beams from the same laser have a long coherent length. The
fiber is used to obtain a Gaussian beam. A vortex phase plate (VPP)
(RPC Photonics, VPP-m780) is used to convert a Gaussian beam into
a LG beam with a TC of /;. The main setup is a MZ interferometer.
The sign of the TC will change once the LG beam is reflected [44].
Then the transmitted beam from polarizing beam splitter 1 (PBS1) is
reflected four times (M, My, M|, Ms), and the TC is still /; after
PBS2. We call this beam the test beam. The reflected beam from PBS1
is reflected five times (PBS1, M,, PBS3, M3, PBS2), and becomes the
conjugate beam after PBS2, i.e., /, = —/,. The method that we change
the sign of the TC by controlling the times of the reflection is simpler
than using a Dove prism [38,45]. Also it is convenient to adjust the
wavefront curvature difference between the test and conjugate beams,
which will be explained later. We use two AOMs (AOM1 with the
driving frequency f, and AOM2 with f,) to control the frequencies of
the two beams, respectively. The frequencies of the test and conjugate
beams are v; and v,. Then f; — f, = v; — v, = Av. The half-wave
plate next to the laser rotates the optical polarization to equalize the
intensities of the test and conjugate beams after PBS5. The half-wave
plate after PBS1 changes the optical polarization from the vertical to
the horizontal direction, making the light transmit through PBS3. The
quarter-wave plate before M, converts the light between the linear and
circular polarizations, forming a double-pass configuration. The half-
wave plate after PBS2 rotates the optical polarizations to balance the
intensities of the two laser beams after PBS4. The polarizations of the
two beams after PBS4 are the same, and the interference pattern is
probed with a sSCMOS camera (model No: pco.edge 4.2).

According to Eq. (4), R(z) is determined by the propagation distance
z. VPP is placed at the focus of the beam (z = 0). The waist radius is
wy =4.2x10"* m and the Rayleigh length is zz = 0.7 m. We set z > zg
in the experiment, then there is a one-to-one correspondence between
R(z) and z. The mirrors (M;, M’l and M,) are movable. We control the
distances (z;, z,) of the test beam and its conjugate copy by adjusting
the positions of mirrors M; (M}) and My, respectively. 4z = z; —z,. The
wavefront curvature difference between the two beams can be written
as
dp= | S —Az(zlzz—z%z) . an

Ri(z2) Ry(2) (zf + z%)(zg + zi)
Under the condition z; , > zg, the signs of Az and 4p are opposite. We
control the value of 4p by adjusting Az.
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Fig. 1. Experimental setup to measure the interference pattern of the vortex beam with its conjugate copy. The vortex beams are generated after the VPP. The test vortex beam
(red lines) and its conjugate copy (blue lines) form a MZ interferometer. /, and /, are the TCs of the two beams, respectively. The interference pattern is probed with a sCMOS
camera. Two AOMs (AOM1 with the driving frequency f,, AOM2 with f,) control the frequencies (v,, v,) of the two beams, respectively. The positions of the mirrors M, (M’l)
and M, control the propagation distances (z,, z,) of the two beams, respectively. VPP, vortex phase plate. AOM, acousto-optic modulator. PBS, polarization beam splitter. 1/2,

half-wave plate. 1/4, quarter-wave plate.
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Fig. 2. Temporal rotation of the interference pattern with a frequency difference Av = v,

—v, =1Hz (a) is for I, =1, (b) for /;, = -1 and (c) for /; = 2. The upper panel shows the

rotating patterns imaged every 0.2 s. ¢,,,. is the azimuthal angle for the maximum intensity of the bright interference fringe. The lower panel shows ¢,,,, as a function of the rotation
time. The error bars are smaller than the data marks. The red solid line is a linear fitting used to extract the rotation velocity 2. From the fitting, 2 = (=3.11(9), 3.04(3), —1.61(3))

rad/s for [, = (1, -1, 2).
4. Results and discussion
4.1. Temporal rotation of the interference pattern

Fig. 2 shows the rotation of the interference pattern with a fre-
quency difference Av 1 Hz. Here z; z, 1.4 m, and the
interference fringe has no radial twist. The number of interference
fringes equals 2|/;|. The interference pattern rotates clockwise with
Iy > 0 (i.e, I; = 1, 2). When the sign of /, changes (i.e., I}, = —1),
the rotation direction is reversed. Moreover, the rotation for /;, = 1 is
faster than that for /; = 2. All these observations are consistent with
predictions of Eq. (7). ¢, is the azimuthal angle for the maximum

intensity of the bright interference fringe. The method to determine
dmax 1S shown in Fig. 6. Here the interference fringes have no radial
twist and ¢,,,, is r-independent, so we only need to fit one ring of the
interference pattern using a cosine function. The ring is chosen to cover
the regions of maximum intensities of the bright interference fringes.
The value of ¢,,,, and its systematic error come from the fitting. To
extract the value of rotation velocity £2, we measure the time evolution
of ¢,,.., as shown in the lower panel of Fig. 2. We use a linear function
Gmax = 2t + @ to fit the experimental data, where 2 and ¢, are the
fitting parameters. From the fitting, Q —3.11(9) rad/s for I} = 1,
Q =3.04(3) rad/s for I, = —1, and 2 = —1.61(3) rad/s for /; = 2. The
value in the parenthesis is the statistic error from the fitting, i.e., Q =
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Fig. 3. Rotation velocity 2 for positive and negative TCs. 2 is plotted versus A4v. (a) is for /, = —1, (b) for /, =1, (c) for /, = -2, and (d) for /; = 2. The error bars are smaller

than the data marks. The red solid line is the theoretical calculation of Eq. (7).

3.04(3) rad/s standing for 2 = 3.04 + 0.03 rad/s. From the calculation
of Eq. (7), 2 = (-3.14, 3.14, —1.57) rad/s for I, = (1, —1, 2). The
theoretical calculations have good agreements with the experimental
measurements.

In Fig. 3, we measure 2 for positive and negative TCs (i.e., I; =
+1, +2). Av varies from —2 Hz to 2 Hz. When Av is small (4v ~ 0), the
rotation is too slow to be probed. It is shown that when the signs of
I/, and Av are the same, 2 < 0, and vice versa. When [/, is negative
(positive), @ increases (decreases) linearly with increasing Av. The
calculation of Eq. (7) agrees well with the experimental results.

Previous works have observed the images of the rotating interfer-
ence pattern with a frequency difference [27,28], while the quantitative
dependence of the rotation on the physical parameters is yet to be
explored. Here we measure the temporal evolution of the parameter
@max- We further measure the rotation velocity £ to quantitatively
characterize the temporal rotation of the interference pattern versus
the frequency difference Av as well as the TC /;.

4.2. Radial twist of the interference fringe

To study the radial twist of the interference fringe, we set 4v = 0.
In this case, the interference pattern is static. Fig. 4 shows the twisted
interference patterns with a wavefront curvature difference 4p # 0.
Under the condition 4z < 0 (i.e., 4p > 0), if /; is positive (i.e., /|, =
1, 2, 3, 4), the interference fringe twists clockwise (« < 0). When the
sign of I, changes (i.e., I, = —1, =2, -3, —4), the interference fringe
twists anti-clockwise (a > 0). These twist effects can also be predicted
by Egs. (9) and (10). The calculated interference patterns with Eq. (5)
also show obvious radial twists, similar to the experimental results. It
is noted that for /; = +1, Az is big to clearly show the twist tails.

Fig. 5 schematically shows the effect of the wavefront curvature
difference on the radial twist of the interference fringes. z;, = 1.4 m
is fixed, and we change z, to get different values of Az. The twist
direction of the interference fringes is reversed from the clockwise to
anti-clockwise when Az varies from the positive to negative. The twist
effect becomes more obvious when increasing the magnitude of Az. For
Az = 0, the twist effect vanishes. These observations are consistent to
the predictions of Egs. (9) and (10).

To quantitatively characterize the twist degree of the interference
fringe, we measure the twist coefficient « which quantifies the variation
of ¢,,, along the radial direction. We take the interference pattern

Fig. 4. Twisted interference patterns with a wavefront curvature difference. (al), (b1),
(c1) and (d1) are the experimental observations for /, = +1,+2,+3,+4, respectively.
(a2), (b2), (c2) and (d2) are the corresponding theoretical simulations with Eq. (5). In
(al), z, =1.1 m and z, =225 m. In (b1), (c1) and (d1), z, = 1.4 m and z, =2.0 m.

with /; = -3 as an example. As shown in Fig. 6(a), we analyze the
interference fringe with the radius r = 1.7 mm. According to Eq. (5),
we use a cosine function I = I, + A X cos[—Al(¢p — ¢,,,,)] to fit the
data. Here Al = 2I; = —6. ¢,,,, is the azimuthal angle for the maximum
intensity of the first bright interference fringe, and its value is set in the
range [—ﬁ, ﬁ]. It is noted that to optimize the fitting, two circles
with ¢ € (0, 4r) are plotted. From the fitting, ¢,,,, = 0.086(10) rad.
Then we plot ¢,,,, as a function of r in Fig. 6(b). According to Eq. (9),
we use a quadratic function ¢,,,,(r) = ar’ +¢, to fit the data, extracting
a = 8.05(17) x 10* rad m~2. The data in the parenthesis is the statistic
error from the fitting. From the calculation of Eq. (10), a = 8.30x10* rad
m~2, The experimental measurement agrees well with the theoretical
calculation.

In Fig. 7, we measure « for different TCs. For /| < 0, « decreases with
increasing Az. If the magnitude of /, is big, a varies slowly. If there is
no wavefront curvature difference (4z = 0), « is vanishingly small. The
sign of « changes when Az varies from the negative to positive, which is
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Fig. 5. Twisted interference patterns with different values of Az. Az changes from 0.6 m to —0.9 m with a step 0.15 m. /, = —4.
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Fig. 6. Measuring the twist coefficient a. /;

= -3, Az =-0.6 m. (a) denotes the angular interference fringe with the radius r = 1.7 mm. ¢,,,, is the azimuthal angle for the maximum

intensity of the first bright interference fringe. We use a cosine function (red solid curve) to numerically fit the experimental data, extracting ¢,,,, = 0.086(10) rad. (b) plots ¢,,,.
versus r. The red solid curve is the quadratic fitting of Eq. (9), which gives a = 8.05(17) x 10* rad m~2. The theoretical value of Eq. (10) is « = 8.30 x 10* rad m~2. The black solid

circles on the left column schematically indicate the interference paths.

similar to the observations in Fig. 5. The measurements are consistent
with the theoretical calculation of Eq. (10).

Several previous works have observed the twist effect of the in-
terference pattern mainly based on the visual inspection [29,37,38].
The work in Ref. [22] has studied the direction of the radial twist
from the images of the interference patterns, not providing quantitative
information. Here we quantitatively extract the value of ¢,,, from
the interference fringe and plot the variation of ¢,,,, along the radial
direction. We further measure the twist coefficient a to characterize the
degree of the radial twist. Effects of the wavefront curvature difference
(denoted with the distance difference Az) as well as the TC /, on the
radial twist are systematically explored.

We note that it would be interesting to see the intensity pattern
for mixing three or more modes. For three modes, the interference
pattern should be more complicated. The interference fringes have
three periods determined by 4/, = I} — I, Al;3 = 1} — I3 and Aly; =

I, — I5. There should exist three twist coefficients (a;,, a;3 and a,3) to
characterize the degree of the radial twist. Under this condition, the
optical ring superlattice will emerge in the intensity distribution, which
is the angular counterpart to the general optical superlattice from
interfering two pairs of counter-propagating plane-wave laser beams. In
optical ring superlattice, by tuning relative phases or intensities of the
three modes, people can manipulate atoms in different local sites of the
ring [46,47], which has potential applications in quantum simulation
and quantum information.

5. Conclusion

In conclusion, compared to the previous works mainly on the visual
inspection, we quantitatively characterize the temporal rotation and
radial twist of the interference pattern of vortex beams. The effects
of the physical parameters (i.e., the TC, frequency difference and
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Fig. 7. Twist coefficient a for different TCs. /, = -2, -3, —4. a is measured as a

function of Az. The error bars are smaller than the data marks. The red solid curves
are the theoretical calculations of Eq. (10).

wavefront curvature difference of the vortex beams) on the temporal
rotation as well as the radial twist are systematically explored. We
measure two parameters, the rotation velocity Q2 and twist coefficient
a, respectively, to characterize the degree of the temporal rotation
and radial twist. The current work is focused on the monochromatic
light. Seen from Egs. (1) and (2), the light phase is dependent on the
wavelength. For a spectrally broadband source, like an ultrafast vortex
pulse, the interference pattern will be more complicated. Specifically,
the wavelength-dependent Gouy phase shift would lead to the so-called
spectral Gouy rotation or radial spectral Gouy oscillation [48,49]. On
the other hand, the OAM beams generated by the vortex phase plate
should be more appropriately described in terms of confluent hyper-
geometric beams, also called Kummer beams [50], or as combinations
of Kummer beams [51]. However, in the far-field zone (z > zjy) as
in our experiment, the intensity distribution is similar to a LG beam,
and the expected behavior as a function of frequency and spatial phase
differences is expected to be the same as described in the present
manuscript. The knowledge of the detailed structure of the interference
pattern can extend the application in manipulation of matter using
superimposed vortex beams [30,34-36].
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