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Phase-locking matter-wave interferometer of vortex states
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Matter-wave interferometer of ultracold atoms with different linear momenta has been extensively studied in theory and
experiment. The vortex matter-wave interferometer with different angular momenta is applicable as a quantum sensor for
measuring the magnetic field, rotation, geometric phase, etc. Here we report the experimental realization of a vortex matter-wave
interferometer by coherently transferring the optical angular momentum to an ultracold Bose condensate. We use the angular
interference technique to measure the relative phase of two vortex states. For a lossless interferometer with atoms only populating
two spin states, the difference between the relative phases in the two spin states is locked to 7. We also prove the robustness of this
out-of-phase relation, not sensitive to the angular-momentum difference between two vortex states, constituent of Raman optical
fields and expansion of the condensate. The experimental results agree well with the calculation from the unitary evolution of wave
packet in quantum mechanics. This work opens a new way to build a quantum sensor based on the vortex matter-wave

interference.
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INTRODUCTION

Interference is fundamental to wave dynamics and quantum
mechanics. Interferometry represents a unique way to probe the
subtle changes of physical parameters by precisely measuring the
resultant tiny relative phase shifts. Matter-wave interferometry,
especially those realized in ultracold atomic gases, opens a
pathway to extract the relative phase between coherent
constituents traversing different paths, and holds promise for
applications in both practical precision measurement and funda-
mental quantum research’. Like the original optical interferometer
where beam splitter (BS) plays a central role, a variety of matter-
wave interferometers have emerged employing different mechan-
isms to realize coherent splitting and recombination of the
wavepackets, including double-well potential®3, Bragg scattering®,
optical lattice®, and Stern-Gerlach separation®’, to name a few. As
mentioned above, matter-wave interferometer of ultracold atoms
with different linear momenta has been extensively studied in
theory and experiment. Another type of fundamental matter-wave
interferometer would be a vortex matter-wave interferometer with
different orbital angular momenta (OAM:s). This proposal could be
implemented by transferring the OAM of the laser beam to cold
atoms through the optical transition, thanks to the recent
developments both in vortex light beam carrying definite
OAM?®-10 and its coherent interaction with cold atoms''~'4,
Recently, the vortex matter-wave interferometer has been
theoretically proposed to be applicable to measure the rotation,
magnetic field, interatomic interaction, geometric phase, etc'>=2°,
Two different vortex states accumulate different phases respect to
an external rotation of the system, thus a compact and stable
quantum gyroscope without BS and mirror is feasible using this
scheme'®'72° The two interfering vortex states can overlap at
zero relative velocity, then the long interrogation time can
enhance the measurement precision to extract the subtle
interatomic interaction’>'®'?. Furthermore, OAM states offer a
high dimensional Hilbert space to obtain extra security and dense

coding of quantum information?'?2, providing the possibility of

using the vortex-state superposition in quantum gases as
qubit?>24, People have used the vortex interference patterns in
ultracold atoms to measure the winding number of the vortex
state' 1225, However, the vortex matter-wave interferometer is yet
to be explored, where the relative phase between the two
interfering vortex states should be quantitatively determined.

Here we report the experimental realization of a vortex
matter-wave interferometer in a two spin Bose-Einstein
condensate. We measure the relative phase between the two
vortex states by analyzing the angular interference fringes. A
pair of Raman laser beams with an OAM difference as one BS
produce the spin-dependent vortex states, and a radio-
frequency (RF) pulse as another BS combines two different
vortex states into one spin state. After producing two lossless
BSs with atoms only populating two spin states, we demonstrate
that the difference between the relative phases of vortex modes
in the two spin states is shown to be constant (with a m-phase
difference), irrespective of fluctuation in each spin state. This
out-of-phase relation is robust, not sensitive to the angular-
momentum difference between the two interfering vortex
states, constituent of Raman optical fields, and expansion of
the condensate.

RESULTS
Scheme of the interferometer

The vortex matter-wave interferometer is schematically presented
in Fig. 1a. The input vortex state with an OAM number /; is in the
spin state ||) of the condensate, which can be denoted as |])|h).
The BS1, a two-photon Raman pulse composed of a pair of vortex
laser beams, transfers the OAM difference of lights to atoms and
produces the vortex state |} in the spin state |1). After BS1, the
input quantum state is split into two paths |])|/1) and |T}|/2). The
BS2, an RF pulse transferring atoms back and forth between the
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Fig. 1 Schematics of the vortex matter-wave interferometer. a The interferometer is composed of two BSs (BS1 and BS2). The input vortex
state |/;) is in the spin state ||). The BS1 (a two-photon Raman pulse) splits the input state ||)|/;) into two paths ||)|/1) and |T)|/,). The BS2 (an
RF pulse) combines two vortex states |/;) and |/,) in each spin state. ¢; and ¢, are the relative phases between the two vortex modes in the
two spin states, respectively. b is the pulse sequence. Tz and ¢ are the periods of the Raman and RF pulses, respectively. T is the evolution
time. ¢ An exemplary interferometer between two vortex states |/; = 0) and |/, = —2). The Raman pulse contains two optical fields with OAM
numbers L; =—2 and L, = 0. After BS1, there is a vortex state |/; = 0) (|l = —2)) in the spin state ||) (|T)). After BS2, vortex states |/; = 0) and

|l, = —2) interfere in each spin state.

two spin states, combines the two vortex states |/;) and |/;) in
each spin state. After BS2, the quantum state can be denoted as
ITY(Ih) + e?1])) + e[ (|lh) + €?:]h)), where ¢ is the relative
phase between the two spin state, ¢; and ¢, are the relative
phases between the two vortex states in spin states |1) and []),
respectively. Finally, a Stern-Gerlach magnetic field pulse makes a
projection of the output quantum state onto the two spin states,
ie, the superposition state |I;)+é€?|,) onto |f) and
[lh) + €?:],)) onto ||). The values of ¢, can subsequently be
extracted from the interference patterns in the two spin states.

Figure 1 b depicts the pulse sequence, which is interpreted as a
Ramsey interferometer. The Raman and RF pulses, as the two BSs,
are separated with an evolution time T. ¢; as well as ¢, can be
adjusted during the evolution process. While in this paper, the
main purpose is to prepare a lossless interferometer and
demonstrate the out-of-phase relation, we set a zero evolution
time T = 0. The period as well as the power of the Raman and RF
pulses is selected to obtain a high interference visibility (see
Methods).

Figure 1 ¢ shows an exemplary interferometer between two
vortex states |l =0) and |/, = —2). The Raman pulse contains
two optical fields with OAM numbers Ly =—2 and L,=0, and
L =1 + (L; — L) =—2. The vortex states in the two spin states are
imaged in three steps of the interferometer, at the input, between
the two BSs, and after BS2. The spin-resolved atomic images are
taken with the help of a Stern-Gerlach magnetic field and a time
of flight (TOF) of 20 ms. The petal-like interferences between
|l =0) and |/, = —2) are clearly present in the two output spin
states.

Suppose that the two-photon Raman and RF induced transi-
tions are lossless, i.e., atoms only populate the two spin states,
then the two BSs can be written as the unitary operators in
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where ag = %QRTR with the Rabi frequency Qg and pulse period T
of the optical Raman lights, age = %QRFTRF with the Rabi frequency
Qgr and pulse period Ty of the RF field. Agr and Aggr are the
obtained phases during the Raman and RF-induced transitions,
respectively. Ug transfers the OAM as well as the atomic
population between the two spin states, while Ugr only transfers
the atomic population. As seen in Fig. 1, the input state is
(1), 1T)T = (ur0]h),0)" where uyq is the spatial wave function of
the initial state. Using Egs. (1) and (2), we can obtain the output
state of the interferometer,
urolh)
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3)
where A¢ = Apr — Aghge-
¢, is the relative phase between the two vortex states |/;) and
||l2) in the spin state ||) and ¢; is for the spin state |T). We set A¢p
and ¢;, in the range [—m, ) for consideration. From Eq. (3)
¢y =0¢ and ¢, =Ap + (2n+ 1)1, where n=-1 or 0. Then we
obtain a m-phase difference between the two spin states,

by — | =7 “)

Equation (4) indicates that, although the relative phase (¢; or ¢))
in each spin state can fluctuate due to external coupling with
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Fig.2 Preparation of two lossless BSs (the two-photon Raman pulse and the RF pulse). a Energy level diagram. Two laser beams with OAM
numbers L;=—2 and L, =0 couple the two spin states |{) =|F =1,mf =0) and ||) = |[F =1,mg = —1). § is the two-photon detuning.
wq = 21 x 5.52 kHz is the quadratic Zeeman shift. An RF pulse also couples the two spin states ||) and |T). b Interference patterns with loss or
lossless BSs. Under the resonant condition (left column), 8g = 6gr = 0 kHz, three vortex modes interfere when atoms populate three spin states
with loss BSs. Choosing an appropriate detuning (right column), 6g = &ge = 10 kHz, two vortex modes interfere when atoms only populate two
spin states with lossless BSs. ¢ Atom ratio N 1/N versus the Raman detuning &g. N is the total atom number and N_ 4 is the atom number in the
spin state |[mg = 1). The insets show exemplary atomic images with 6g =0, 4, 8 kHz. d Atom ratio N, /N versus the RF detuning &gr. 6g =10
kHz. The insets show exemplary atomic images with 6ge =7,9, 11 kHz. The solid curve is the theoretical calculation on three-level atoms

coupled with a Raman or RF pulse. The error bar is the stand deviation of several measurements.

optical Raman and RF pulses, the interferences in the two spin
states have a constant 7-phase difference.

The relative phase can be extracted by analyzing the angular
interference pattern. 6; and 6, are defined as the azimuthal angles
of the bright interference fringes in the two spin states (see Fig. 3),
respectively. With Al=1, — I,, the azimuthal angle between two
adjacent bright interference fringes is equal to 2n/|Al. Set
0, € [-m/|Al|,m/|Al]), then we get the relation of the inter-
ference fringes (see related calculations in Methods),

26 = [0, — 6;] = m/|A]. 5)

Considering ¢y =—AlB;, ¢, =— A6}, and ¢, — ¢, = A6, — 6;),
Eqg. (5) also exhibits the out-of-phase relation of Eq. (4). In our
current experiments, the signs of 6, are not fixed between
measurements. Based on Eq. (5) with A@ independent on the sign
of Al, we can concisely demonstrate the out-of-phase relation.

It is noted that, compared to the linear-momentum state, two
vortex states can overlap at a zero relative velocity and interfere
with a high stability. This unique character provides a convenient
way to probe the interference pattern in each spin state.

Preparation of a lossless interferometer

Figure 2 a denotes the energy level diagram with interactions of
Raman and RF pulses. A 8Rb condensate with an atom number
N=1.2(1) x 10° is produced in a spherical optical dipole trap'>%’.
Atoms initially populate the spin state ||) =|F =1,mg = —1)
with a zero OAM /; = 0. Two laser beams copropagate across the
ultracold atoms, transferring the OAM difference between the two
laser beams (L, =—2 and L, =0) to the condensate in the two-
photon Raman induced transition and producing the vortex state
|l = —2) in the spin state |T) = |[F = 1,mr = 0). In our previous
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work'?, we have obtained the spin-orbital-angular-momentum
coupling (SOAMC) with an adiabatic process in the trap. Here we
apply the optical coupling during the expansion of the
condensate after a time of 8 ms, enlarging the atomic cloud to
increase the coupling strength. An RF pulse directly couples the
two spin states.

Figure 2 b shows the interference patterns after BS2 with loss or
lossless BSs. &g and &g are the two-photon detuning of the Raman
field and detuning of RF field, respectively. For the loss BSs with
atoms populating three spin states, three vortex modes with
I=0,—2, —4 interfere in each spin state. The interference pattern
is too complicated to experimentally determine the azimuthal
angle of the interference fringe, and quantitatively obtaining the
relative phase between vortex states is painful. Also theoretical
analysis of the interference is difficult, where the unitary operator
is invalid. For the lossless BSs with atoms only populating two spin
states, two vortex modes with / = 0, — 2 interfere. The interference
pattern is simple and clear in each spin state, which is convenient
to extract the relative phase between vortex states. So building up
a lossless interferometer is important for demonstrating the out-
of-phase relation.

87Rb atom has three spin states |mg = —1,0,1) in the ground
state. To produce the lossless Raman and RF induced transitions
in which atoms only populate the two spin states ||) and |1), a
bias magnetic field introduces a large quadratic Zeeman shift
wq=2mx5.52kHz and a blue detuning 6 is applied. This will
induce a big detuning (6 + 2wq/2m) of the spin state |mg = 1),
resulting in a negligible population in it. In Fig. 2c, we measure
the atom numbers in three spin states versus the Raman
detuning 6r. Here the RF pulse is absent for the population
measurement. Atom ratio N /N decreases when increasing the
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Fig. 3 Out-of-phase interferences in the two spin states for Al = 2. a and b Exemplary interference patterns between the two vortex states
|l; = 0) and |I, = —2) in the two spin states, respectively. r is the radius, ¢ is the azimuthal angle, and 6, as well as 8, is the azimuthal angle of
the bight interference fringe. ¢ and d The angular interference fringes along the paths denoted by the black solid circles in a and
b, respectively. A cosine function (the red solid curve) is used to fit the interference fringe to extract 6, , i.e, 6; = 0.7495, 6, =-0.7831 and
AB=1.5326. e The values of 6, (black squares) and 6, (red circles) for six measurements. 6, fluctuate shot to shot. f A constant difference
between the two azimuthal angles, A6 = |9T — 91| ~ /2. The insets show the corresponding interference patterns in the two spin states. The

first measurement is taken as the example in a and b.

blue detuning and reaches the minimum at 8z = 9 kHz, where N is
the total atom number and N_, is the atom number in the spin
state |[mg = 1). In the range &g € (8 kHz, 12 kHz), N, /N < 0.03.
Considering that the atom number in the spin state |7) also
decreases with the increased detuning, we generally select a
detuning at &g € (8 kHz, 10 kHz). In Fig. 2d, we measure the atom
ratio N_;/N versus the RF detuning &ge. N.1/N is smaller than 0.05
in the range &gr € (9 kHz, 12 kHz). So we can prepare two lossless
BSs by choosing detuning in the range 6 € (9 kHz, 10 kHz) for
both pulses.

Measurement of the out-of-phase interferences

In Fig. 3, we analyze the angular interference fringe between the
two vortex states |/; = 0) and |l; = —2) in the two spin states. As
one exemplary measurement, the interference patterns in the two
spin states are shown in Fig. 3a and b, respectively. In the
cylindrical coordinates (r, ¢, 2), r = 1/x? + y? is the radius and ¢ is
the azimuthal angle in the x — y plane. Cold atoms are confined at
z=0. 6, as well as 8, is defined as the azimuthal angle of the
bright interference fringe in each spin state. To extract 8;,, we use
a cosine function,

OD = 0Dy + Acos||Al| (¢ — 6;))], (6)

to fit the angular interference fringe, as shown in Fig. 3c and d.
Al=1, — I, =2, OD is the optical density with a bias OD,, and A is
the amplitude. It is noted that, to optimize the fitting, two circles
with ¢ € [0, 4m) are plotted. Because the azimuthal angle between
the two adjacent bright interference fringes is equal to 271/|Al], 6;,,
are limited in the range [—m/|Al|,m/|All). Then we get that
0; =0.7495, 6, = —0.7831 and A6 = 1.5326 = 71/2. The black solid
circle in Fig. 3a or b schematically presents the interference path.
In order to accurately determine the values of 6, we plot 15
interference fringes with a separation of 1 pixel (1 pixel = 6.4 pm)
along the radius r. Then 6; as well as A are plotted versus r. We
take the values of 6;, when A are the maximum. See
Supplementary Note 1 for the details.
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Fig. 4 Out-of-phase relation for different Al. Af is plotted as a
function of Al. From left to the right, Al=-3,-2,-1,1,2,3. The
solid curve denotes the calculation of Eq. (5). The error bar is the
standard deviation of six measurements.

Despite the fluctuation of the azimuthal angle 6, (or 8)) shot to
shot in each spin state (Fig. 3e), the difference between the two
azimuthal angles remains constant, ie, A0=|0;—6,|=m/2
(Fig. 3f). This is the evidence of the out-of-phase interferences in
the two spin states. The Raman and RF pulses will transfer their
phases (A¢gr and A¢gre) to the two spin states during their
interactions with atoms. The fluctuations of A¢r and Aggs shot to
shot result in the variation of the relative phase A¢ (see Eq. (3)),
causing the randomness of 6; and 8. We can calculate Ag as well
as ¢, from each measurement of 6, according to the relations
¢pr=N0Ap=—-AI6; and ¢, =—Al6, (see “Methods”). For the
measurements in Fig. 3a and b, ¢, = Ap = —1.4990, ¢, = 1.5662
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Fig. 5 Out-of-phase relation for different constituents of the
Raman pulse and during the expansion of the condensate. a A6
for different constituents of the Raman pulse, ie, (L;=—1,L,=1),
(L1 = 72, L2 = 0), (L1 = 1, L2 = 71), and (L] = 0, Lz = 72). |AI| =2 and
TOF = 20 ms. b A0 for different TOFs, i.e.,, TOF = 19 ms, 20 ms, 21 ms,
22 ms. L; = —2 and L, = 0. The dashed line denotes the value of 71/2.
The error bar is the standard deviation of six measurements.

and ¢, — ¢, =3.0652 = . In Fig. 3e and f, |, — ¢4| =7 holds for
the six measurements, which also demonstrates the out-of-phase
relation. In fact, we can calculate the interference pattern with the
measured value of A¢. The measured values of A¢ and the
calculated interference patterns for different Al are shown in
Supplementary Note 2.

In Fig. 4, we demonstrate the out-of-phase relation for different
Al. We obtain various values of Al by choosing different
configurations of the optical Raman pulse, ie, (L1 =1,L,=-2)
for Al=-3, (L;=0,L,=-2) for Al=-2, (L;=0,L,=-1) for
AM=-1,(L;=-1L,=0) for Al=1, (Ly=—2,L,=0) for Al=2,
and (L;=-2,L,=1) for Al=3. The winding numbers L;, of
optical OAMs are controlled by the spatial light modulator (SLM).
A6 is measured using the same method as in Fig. 3. A collection of
the measurements is shown in Fig. 4. The theoretical calculation of
Eq. (5), A6 =n/|Al|, agrees well with the experimental results.

In Fig. 5, we demonstrate the out-of-phase relation for different
constituents of the Raman pulse and during the expansion of the
condensate. Eq. (5) indicates that A6 only depends on |Al|, but not
on the constituent of the Raman pulse. This is analogous to a BS
whose property doesn't depend on its composition. In Fig. 5a,
|All = |L, — L,| = 2. Different constituents of the Raman pulse are
app|ied, i.e., (L] = 71, L2 = 1), (L] = 72, L2 = 0), (L1 = 1, L2 = 71),
and (L, =0, L, = —2). A8 remains constant, A@ = 71/2. This constant
value also holds for different expansion times of the condensate,
as indicated in Fig. 5b.

DISCUSSION

In current experiments, based on the lossless matter-wave
interferometer, we can measure the relative phase between two
vortex states. This ability is important for accurately measuring an
external field. For example, to measure a magnetic filed B, we should
set a finite evolution time T#0 (see Fig. 1b) and improve the
coherence between the Raman and RF pulses. During the evolution
time T, atoms will evolve with a phase shift termed as
exp(—iwLamorT) between two spin states, where wiamor is the

Published in partnership with The University of New South Wales
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Larmor frequency under an external magnetic field. The accumu-
lated phase shift due to the Larmor procession will evolve into the
relative phase between vortex states (¢, or ¢) after BS2 and can be
measured from the azimuthal angle (6; or 8)). The measurement
precision of the magnetic field depends on both the uncertainty of
the azimuthal angle 86 and evolution time T, 6B = TZA"S,ZF, where fis
the reduced Planck constant, g is the hyperfine LancFi;:aB g-factor, ug is
the Bohr magneton and mg is the magnetic quantum number. With
a preliminary value 66 = 0.032 rad and assuming an evolution time
T=10 ms, the sensitivity for a single measurement is 6B = 146 pT,
which is at the same level as those obtained in references®®?°. In
previous works?33%, the Ramsey interferometer is composed of two
RF pulses, and people probe the spin polarization of multiple spin
components to measure the magnetic field. In our proposal, the
lossless Ramsey interferometer is composed of an optical Raman
pulse and an RF pulse, and one can probe the spatial interference
fringes of two vortex states to measure the magnetic field. So there
exist two advantages: (1) one can measure a large magnetic field, (2)
the measurement precision is insensitive to the fluctuation of the
atomic number. Certainly heating effects due to the finite
temperature (condensate purity) or atomic interaction will cause
atomic loss and dephasing, which will decrease the measurement
sensitivity to some extent.

In conclusion, we report the experimental realization of a vortex
matter-wave interferometer in ultracold quantum gases. We show
the ability to quantitatively measure the relative phase between
two vortex states by analyzing the angular interference fringe. By
producing a lossless interferometer, we demonstrate the out-of-
phase relation for the interferences in the two spin states. We
further prove the robustness of this out-of-phase relation, not
sensitive to the angular-momentum difference between the two
interfering vortex states, constituent of Raman optical fields and
expansion of the condensate. This work makes an important step
forward to accurately measure an external field using a vortex
matter-wave interferometer.

METHODS

Experimental setup

We produce a spherical Rb condensate using the combination of the
optical force and gravity as shown in references'>?. The trapping
frequency is w=2mx77.5 Hz. The OAM number is a good quantum
number in a system with rotational symmetry. The atom number is
N=1.2(1)x 10° and the temperature is T= 50 nK. The cold atoms initially
populate the spin state ||) =|F = 1,mg = —1) with a zero OAM /; =0.
Two laser beams with different OAMs (L; and L,) copropagate across the
ultracold atoms, transferring the OAM difference of two laser beams
(AL=L; — L) to the condensate in the two-photon Raman induced
transition, while suppressing the transfer of the linear momentum. A pair
of Helmholtz coils produce a bias magnetic field B,, which provides the
quantum axis and a large quadratic Zeeman shift wg = 2mm x 5.52 kHz of the
Rb ground spin states. A pair of anti-Helmholtz coils produce a pulse of a
gradient magnetic field 0B/0r to spatially separate different spin states. The
probe beam counterpropagates with the Raman beams, detecting the
density distribution of the condensate in the plane r — ¢.

After a TOF of 8 ms, the condensate is coupled by a pair of Raman lights
(L; and L,) followed with an RF pulse. The atom size is about 10 um. For the
Raman laser beam, the waist is about 70 um, the power is about 30 mW.
We use the tune-out wavelength A =790.02 nm of the two Raman beams,
in which the ground spin manifold of the Rb atom experiences no scalar ac
Stark shift. This can ensure that any vortex structure observed in the
condensate is produced due to the OAM transferring, not the trapping
effect of the vortex laser beam. The period of the Raman as well as RF
pulse is 60 ps. The Rabi frequency of the optical Raman fields is spatially
dependent. The Rabi frequency of the RF field is 2 x 1.67 kHz, which is
determined by measuring the Rabi oscillation of the atom numbers in the
two spin states. The period as well as the power of the Raman and RF
pulses are selected to obtain a high interference visibility. A gradient
magnetic field (0B/9r) is applied to spatially separate different spin states.
The spin-resolved density is probed with a TOF of 20 ms.
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Magnetic field calibration
The absolute value and stability of the detuning & is mainly determined by
the bias magnetic field B,. We calibrate the magnetic field by adiabatically
coupling the ground spin states of F =1 with an RF passage. We scan the
RF signal from 6.090 MHz to different values in 50 ms and simultaneously
record the populations of the three spin states. The Hamitonian of the
system dressed by the RF signal is
O Qge/2 0
H=1r/2 e Qg/2 |, @
0 Ore/2 —Orr
where Oge/h = vge — Vg is the RF detuning. hvo = (Eme=—1 — Eme=1)/2 is the
effective resonant position, which is set by the bias magnetic field By. Qg is
the coupling strength of the RF signal. € = Ep—0 — (Eme——1 + Eme=1)/2 is
the quadratic Zeeman shift. Then we can numerically calculate the relative
populations of the three spin states. From the comparison between the
experimental measurements and the numerical calculations, we can
deduce the bias magnetic field B, =8.807 G. By repeating the measure-
ments many times and observing the fluctuation of the resonance
position, we can determine the magnetic field stability AB=1 mG.

Calculation of the out-of-phase relation

Here we deduce the out-of-phase relation of Eq. (5). The vortex state is
written as |/) = e~. From Eq. (3), the density distributions of the two spin
states ||) and 1) can be written as

lus |2 =u?, {(cos QRF COS aR)2 + (sin age sin ch)2
— 2.COS Ogg COS AR SiN age Sin ag cos(Ag + AlB)],
|uz|2 =u {(sin QRF COS aR)2 + (cos age sin aR)2

+ 2 €Os age COS O Sin age Sin ag cos(Ag + AlB)],

where Al=1I, —,. Then the bright interference fringes in the two spin
states are written as

A+ AIB =2mm +,
Ap + AIG; = 2prr,

where m as well as p is an integer number. Set 6, ; € [—m/|Al|,m/|Al]) and
A¢ € [—m,m). Then p=0and m=—1 or 0. We get the relations,

A/(el 79]) =+, (10)

(©)

Ap = —AIB;. an

Then we can obtain Eq. (5) by taking modules on both sides of Eq. (10).
From Eqg. (11) we can calculate the relative phase A¢ from the
measurement of 6.

¢; and ¢, are the interference phases in spin states |f) and ||),
respectively. Set ¢, € [-mm). From Eq. (), ¢ =~A¢ and
¢, =A0p+ (2n+ 1)1, where n=—1 or 0. In the condition of Eq. (9),
¢ =—AIB; and ¢, = —AlB,. Then we get the relation,

by — ¢, =DI(6 —6). (12)
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